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Abstract. In this paper, we study dark energy from two different perspectives, chal-
lenging a two-field scenario in two forms: non-interacting and interacting. We investi-
gate the evolution of dark energy in a Friedmann-Robertson-Walker space-time that is
spatially homogeneous and isotropic and filled with two components: dark energy and
a barotropic fluid. We examine this evolution from two different perspectives: non-
interacting and interacting; and we did it by selecting a suitable ansatz for the scale
factor that reflects the transition of the universe from the early decelerating phase to
the late accelerated stage. We calculate parameters and quantities such as pressure p,
energy density ρ, equation of state (EoS), deceleration parameter q, etc., and compare
the results of these two cases with the latest observational data as well as other works
in the literature. We discuss the stability of these two different scenarios by calculating
the sound speed. We also show whether different energy conditions are satisfied or
violated. Then, we explore the evolutionary paths and the dynamical analysis of the
model with the help of important tools such as the statefinder diagnostic (r, s) and
discuss the results in detail. Finally, we reconstruct the scalar field’s potential and
test some conjectures using the equation of the state of dark energy and the relation
between energy density and pressure with the scalar field and potential. Then, we
discuss the results in detail. An important issue that we found in this calculation is the
dissatisfaction of the swampland conjectures with this model in non-interacting cases
but in the face of swampland conjectures, some acceptable range for t < 2 is seen for
all universes in interacting cases.

Keywords: Dark energy, Barotropic fluid, Sound speed, Statefinder diagnostic, Non-
interacting and interacting

1 Introduction
Dark energy is a hypothetical form of energy that fills space and exerts a negative pressure,
causing the universe to expand faster over time. It was proposed to account for the obser-
vations of distant supernovae, which showed that the universe’s expansion is accelerating,
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contrary to what was expected from the gravitational attraction of matter and energy. The
nature of dark energy is still a mystery, and different models try to explain it. One of the
simplest models is the cosmological constant, which is a constant energy density that does
not change in time or space. It is equivalent to the mass of space, or vacuum energy, and
it was first introduced by Albert Einstein in his theory of general relativity. Another type
of model is a scalar field, which is a dynamic quantity that has energy density and pressure
that vary in time and space. Scalar fields can have different properties, such as quintessence,
which is a slowly varying field that mimics the cosmological constant, or phantom, which is
a field that has negative energy density and violates some energy conditions. Other models
include interacting dark energy, which assumes that dark energy and dark matter exchange
energy and affect each other, observational effect, which suggests that dark energy is an
artifact of the way we measure distances and redshifts, and cosmological coupling, which
involves a modification of gravity or the addition of extra dimensions. Dark energy is one of
the biggest puzzles in modern cosmology, and it has important implications for the fate of
the universe. Depending on the nature and amount of dark energy, the universe could end
up in a big rip, a big freeze, or a big crunch. For further study about dark energy and its
various models, you can see [1–26].

The High-Z Supernova Search Team [27,28] showed us through their observations and
evidence that we live in an accelerated expansion universe. Solheim was the first to propose
the accelerated expansion of the universe [29]. Ozer and Taha [30] found that the model with
a negative deceleration parameter and a non-vanishing cosmological constant best fits the
data from observing several cosmic clusters. In addition, recent discoveries and observations
made by supernova Ia, weak lensing, acoustic oscillations, and CMBR anisotropy have drawn
more attention to large-scale structures. It was also through these observations that the
current understanding of the universe’s geometry is flat [27–29,31–39]. But one of the
most important results of these studies has been the emergence of revolutionary findings in
cosmology. We know that about 4.6% of the total energy budget is baryonic matter, 24%
is non-baryonic matter, and the remaining 71.4% consists of a strange fluid with negative
pressure. The gravitational attraction of the matter is counteracted by a strong anti-gravity
force due to the negative pressure, which is called dark energy.

Recently, some studies have used different types of gravity theories and conditions in
different structures and spaces; however, their nature is still unknown [40–47]. In the mean-
time, cosmologists consider the cosmological constant Λ as the most suitable dark energy
candidate. It has a constant energy density with negative pressure throughout the cosmic
evolution. Of course, the important point in this case is the existence of problems such
as ”fine-tuning” and ”cosmic coincidence” [41]. So far, various forms of dark energy dy-
namics have been proposed, with an effective equation of state EoS that relates pressure
and energy density. Our lack of information on the dark energy concept has led to various
theoretical models, such as the famous ΛCDM model with ω = −1. Other models have
been proposed in the literature, including quintessence with − 2

3 ≤ ω ≤ − 1
3 and phantom

with ω < −1 [48–50]. It is also interesting that some models, such as k-essence, quintom,
tachyons, braneworld, holographic models, and chaplygin gas, can cross the phantom divide
line ω and exhibit different behaviors in different epochs of the universe [51–61].

Also, some time ago, the results of Type Ia Supernovae, Cosmic background radiation,
and the large-scale structures introduced alternative ranges for the parameter ω [33,38,62–
64]. So far, what we may know is that dark energy is homogeneous and non-clustered
with a significant impact in today’s universe, but a negligible one in the early days. Recent
theoretical arguments and observational data support an anisotropic universe with pressures
(eventually approaching the isotropic universe.) Therefore, it would be interesting to focus
dark energy studies on the anisotropic universe [75–77]. Of course, researchers have done
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some work on this issue, i.e., testing the anisotropic cosmic model of dark energy in different
models. In this article, we aim to study the structure of the dark energy of two fluids in a
homogeneous and isotropic FRW space-time filled with two different types of fluids: dark
energy and a barotropic fluid, in two different states: non-interacting and interacting, and
finally, we compare the results. We will also compare them with the latest observational
data. Moreover, considering the equation of state, which is a function of pressure and
energy density, and the reconstruction of the scalar field potential, we will also examine
the swampland conjectures and discuss the results. Therefore, according to all the concepts
mentioned, this article is organized as follows. In section two, we study the related basic
equations of dark energy and barotropic fluid of two-fluid scenarios (TFS). In sections 3 and
4, we study this scenario in two aspects: non-interacting and interacting two-fluid models
and calculate the important quantities such as p, ρ, and ω. In section 5, we analyze the
physical properties of the model such as jerk parameter, statefinder diagnostic, stability,
energy condition. We test the refined swampland conjectures (RSC) with this model with
respect to the scalar field potential derived from the EoS and ρ and p in section 6. Finally,
we present the conclusion and remark in section 7.

2 Basic equations
In this section, we review the metric, and the basic equations of the model, so we first
introduce the spherically symmetric Friedmann-Robertson-Walker metric in the following
form [79],

ds2 = −dt2 + a2(t)

(
dr2

1− kr2
+ r2dΩ2

)
, (1)

where a(t) and k are the scale factor and curvature constant. Also is defined k = −1,
k = 0, and k = 1 for open, flat and closed models of the universe. The important point in
examining different models is to introduce Einstein’s equations; hence we have [79],

Rj
i −

1

2
Rδji = −T j

i , (2)

where 8πG = c = 1, and T j
i is the two field energy-momentum tensor: dark energy, and

barotropic fluid. Now according to the field equations defined in the equation (2) and metric
in the equation (1), we have.

ptot = pm + pD = −
(
2
ä

a
+

ȧ2

a2
+

k

a2

)
,

ρtot = ρm + ρD = 3

(
ȧ2

a2
+

k

a2

)
,

(3)

where pD and pm are the pressure of the dark and barotropic fluid, and ρD, and ρm are
energy density of the dark and barotropic fluid, respectively. If we assume Bianchi identity
as G;j

ij = 0, then it will lead to T ;j
ij = 0, and thus we have the following relation,

ρ̇tot + 3
ȧ

a
(ρtot + ptot) = 0. (4)

Also, we will have,

ωm =
pm
ρm

,

ωD =
pD
ρD

,
(5)
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where ωm and ωD are the EoS of the barotropic fluid and the dark fluid, respectively. Thus,
in the following sections of this article, we will calculate the developments related to this
scenario for two different forms: non-interacting and interacting separately. We will discuss
the results of each case in detail. In both cases, we have an ansatz scale factor. We will
calculate the equations according to this ansatz a(t) = [exp(Atλ)]

1
2 where 0 < λ < 1 and

A > 1 are the constant parameters [98,99]. We can find exact solutions for the ‘intermediate’
inflationary universe in which the scale factor has the above form. This model has many
properties, especially the perturbation spectrum that it produces. It has also been studied
in relation to cosmic developments and warm inflation, etc. Now we want to study a new
aspect of these features. The purpose of examining the interacting and non-interacting cases
is to investigate the differences between them. The differences and changes in the physical
properties of the models and the stability and swampland conjecture studies are evident
in both cases. The interacting model is merely a modification of the equation of state of
the barotropic fluid. Of course, studies in the literature have shown that when the non-
interacting model is not able to explain some cosmic observations or leads to out-of-range
measurements for parameters such as ΩD, i.e., for values greater than 1, we cannot discuss
the realistic universe. It is thought that researchers are turning to interactive models. Of
course, this is one of the important points, and this issue poses many challenges. However,
in these calculations, this slight difference between the two cases is tested to some extent
to indicate the compatibility or accuracy of each of these cases according to the model with
observational data. However, due to the unknown nature of dark energy, various models
have been introduced and tested with observational data and other findings to provide the
closest model to the data or the best model to explain cosmological structures. Despite the
slight difference in the definition of the two cases, we will see a significant difference in the
confrontation with swampland conjectures in the later sections corresponding to these two
interacting and non-interacting cases.

3 Non-interacting scenario
This section will assume that these two fluids have a non-interacting form and are not
interacting with each other. We will reconstruct the equations, express the results, and
compare them with the next section, the interacting form or the interaction between the
two fluids. Therefore, equation (4) for such a case is expressed in the following form,

ρ̇m + 3
ȧ

a
(ρm + pm) = 0,

ρ̇D + 3
ȧ

a
(ρD + pD) = 0.

(6)

According to the above equations, we know that these equations are structurally different
from each other; that is, in fact, the first equation (6) in the form of the equation of state
ωm, which is constant and can integrate. But the second equation (6) is a function of ωD.
Also, pD and ρD are a function of ωD, so it can not integrate, i.e., the second equation (7),
which is a function of ωD as an unknown time-dependent parameter. Therefore, according
to the first equation (6), we will have,

ρm = ρ0a
−3(1+ωm), (7)

where ρ0 is an integrating constant. Now, with the help of equations (7) and (3), we can
rewrite the equations of pressure pD and energy density ρD in the form of scale factor, which
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is expressed in the following form. Thus, in the following calculations, we can use the ansatz,

ρD = 3

(
ȧ2

a2
+

k

a2

)
− ρ0a

−3(1+ωm),

pD = −
(
2
ä

a
+

ȧ2

a2
+

k

a2

)
− ρ0ωma−3(1+ωm).

(8)

A common issue in the literature is always using a constant deceleration parameter in com-
putations. Also, the motivation for studying dark energy so that it is time-dependent is
that the universe is an accelerated expansion in recent observations of supernovae Ia and
CMB anisotropies. Recently, researchers in various research have determined the redshift
transition from deceleration to accelerating expansion about ztr ∼ 0.73. The title of DE is
an important concept. In general, dark energy is not a constant factor but a time-dependent
concept [80–87]. The factor of the selected scale of the equation (6) is also such that it sat-
isfies this time dependence. As is clear in ansatz, two parameters A and λ are fixed and
positive values. Researchers used this ansatz to study the different cosmological concepts
and their various implications in literature. This article will examine the new applications
of this ansatz in both scenarios and discuss the results in detail. So deceleration parameter
is as follows,

q = − äa

ȧ2
= − ä

aH2
, (9)

with respect to ansatz, and (9), one can calculate,

q = −1− 2t−λ(−1 + λ)

Aλ
. (10)

Here, using the equations (5) and (8) we investigate the same quantities as ρD, pD, and ωD,

ρD = 3 exp
(
−Atλ

)
k +

3

4
A2t−2+2λλ2 − (exp

(
Atλ

)
)−

3(1+ωm)
2 ρ0, (11)

pD =− exp
(
−Atλ

)
k − 1

4
At−2+λ × λ(−4 + 4λ+ 3Atλλ)

− exp
(
− 2Atλ

)
(exp

(
Atλ

)
)

1
2−

3ωm
2 ρ0ωm,

(12)

A = − exp
(
−Atλ

)
k − 1

4
At−2+λλ(−4 + 4λ+ 3Atλλ)

− exp
(
− 2Atλ

)
(exp

(
Atλ

)
)

1
2−

3ωm
2 ρ0ωm,

B = 3 exp
(
−Atλ

)
k +

3

4
A2t−2+2λλ2 − (exp

(
Atλ

)
)−

3(1+ωm)
2 ρ0,

ωD =
A
B
.

(13)

According to all the above concepts, the expressions for matter-energy density Ωm and
dark-energy density ΩD can also be calculated in the following form,

Ωm =
ρm
3H2

=
4(exp

(
Atλ

)
)−

3(1+ωm)
2 t2−2λ

ρ0

3A2λ2
, (14)
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C = 4t2−2λ

(
3 exp

(
−Atλ

))
k +

3

4
A2λ2t−2+2λ − exp

(
Atλ

)− 3(1+ωm)
2 ρ0,

ΩD =
C

3A2λ2
.

(15)

Also, one can obtain,

Ω = Ωm +ΩD = 1 +
4 exp

(
−Atλ

)
kt2−2λ

A2λ2
, (16)

The right-hand of the equation (16) can lead to different results for various k. So, we will
have in the flat universe with k = 0, (Ω = 1) in the open universe with k = −1, (Ω < 1 ) and
in the closed universe with k = +1, (Ω > 1). But the remarkable thing is that in the late
time for all flat, open, and closed universes, the Ω → 1 will be consistent with observations.

4 Interacting scenario
Unlike the previous section, here we consider the interaction between the two fluids and
rewrite the equations according to the interaction between dark fluid and barotropic fluids
and compare the results of this section with the previous section, so we have,

ρ̇m + 3
ȧ

a
(ρm + pm) = Q,

ρ̇D + 3
ȧ

a
(ρD + pD) = −Q.

(17)

Concerning the above equation, Q is the interaction parameter between two fluids. The
transfer of energy from dark energy to dark matter is done with the condition Q > 0. This
condition leads to the satisfaction of the second law of thermodynamics. The important
point that we point out here is that for the above equations to be continuous, the interaction
sentence must be proportional to the quantitative inverse units of time or in a more precise
way in a form Q = 1

t to satisfy the above conditions [93–95]. We can imagine the following
format for this interaction parameter with this explanation,

Q = 3Hσρm, (18)

where σ is a coupling constant. with respect to equation (18) and the first equation (17),
we will have,

ρm = ρ0a
−3(1+ωm−σ). (19)

Here, using the equation (19) in equations (3), one can obtain the following equation from
ρD, and pD in term of a(t)

ρD = 3

(
ȧ2

a2
+

k

a2

)
− ρ0a

−3(1+ωm−σ),

pD = −
(
2
ä

a
+

ȧ2

a2
+

k

a2

)
− ρ0(ωm − σ)ωma−3(1+ωm−σ).

(20)

Now, the above equations for the ansatz can be obtained as follows,

ρD = 3 exp
(
−Atλ

)
k +

3

4
A2t−2+2λλ2 − (exp

(
Atλ

)
)3(−1+σ−ωm)ρ0, (21)
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pD =− exp
(
−Atλ

)
k − 1

4
At−2+λ × λ(−4 + 4λ+ 3Atλλ),

+ exp
(
− 3Atλ

)
(exp

(
Atλ

)
)3(σ−ωm)ρ0(σ − ωm).

(22)

Also, the EoS parameter is calculated as,

D = − exp
(
−Atλ

)
k − 1

4
At−2+λλ(−4 + 4λ+ 3Atλλ)

+ exp
(
− 3Atλ

)
(exp

(
Atλ

)
)3(σ−ωm)ρ0(σ − ωm),

E = 3 exp
(
−Atλ

)
k +

3

4
A2t−2+2λλ2 − (exp

(
Atλ

)
)3(−1+σ−ωm)ρ0,

ωD =
D
E
.

(23)

The same as in the previous section, the values of quantities Ωm and ΩD calculate as follows.
The total value of these expressions is also equal to

Ωm =
4(exp

(
Atλ

)
)3(−1+σ−ωm)t2−2λρ0

3A2λ2
, (24)

X = 4t2−2λ

(
3 exp

(
−Atλ

)
k +

3

4
A2t2−λ2λ2 − exp

(
Atλ

)3(−1+σ−ωm)ρ0

)
,

ΩD =
X

3A2λ2
,

(25)

Ω = Ωm +ΩD = 1 +
4 exp

(
−Atλ

)
kt2−2λ

A2λ2
. (26)

As it is clear from the obtained values, the above equation has a value equal to the equation
(16). We can conclude from these two equations that the total density parameter is equal
in interactive and non-interactive modes, similarly repeated for the deceleration and jerk
parameters. In fact, by studying the interaction between the two states: dark matter and
dark energy, we can better understand the nature of dark energy. As shown in Figure (1), the
changes of the parameter q in terms of z for two different states and various values of A and
flat space k = 0 are plotted according to the mentioned constant parameters. It shows a kind
of transition from the decelerating phase to the accelerating phase. These changes depend on
various constant parameters. As mentioned above, our model also describes the transition
from the deceleration phase to the acceleration phase, as recent SNe Ia observations indicate
that the current universe is accelerating. However, assuming that it is possible for the
universe to transit from a decelerated phase of expansion to an accelerated stage requires
that the deceleration parameter evolve from positive values in the distant past to negative
values in the late evolutionary phase of the universe. This is determined in Figure 1 with
respect to the constant parameters. Also, in λ > 1 or λ < 0, the model is inconsistent with
recent observational data. The values of the deceleration parameter are obtained in several
places in the range −1 < q < 0. These changes are clearly visible in the following figure.
Figure (2) shows the behavior of the equation of state in terms of z for various constant
parameters. This figure is plotted for different values of k, which represent the open, flat,
and closed universe, respectively. We plotted these figures for two different cases: interacting
and non-interacting, and the growth rate of each one is different according to the different
universe. Eventually, they all reach a constant value. Each of the cases is transient for the



252 Saeed Noori Gashti∗ et al.

A = 1

A = 2

A = 3

A = 4

A = 5

A = 6

0.0 0.5 1.0 1.5 2.0

-0.5

0.0

0.5

1.0

1.5

2.0

2.5

z

q

(a)

Figure 1: The plot of q in terms of z in Figure (1) with respect to ρ0 = 1, λ = 0.5, ω = 0.5 and
different values of A
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Figure 2: The plot of ωD in terms of z according to the constant parameters ρ0 = 1, λ = 0.5,
ω = 0.5 and A = 2 for −1 ≤ k ≤ 1, non-interacting in Figure (2a) and Interacting in Figure (2b).

various states introduced in the phantom and super-phantom regions. But later it seems that
in all of these cases, they tend to the same constant value of (-1), (the cosmological constant)
regardless of the universe, and this evolution is somehow clearly defined in both cases and for
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the different universes. Regarding Supernovae Ia observations, the deceleration parameter
(q), in the current time for the accelerating universe, is q = −0.81±0.14 [100]. By combining
the other observations such as BAO and CMB with Type Ia Supernovae, the deceleration
parameter is estimated as q = −0.53+0.17

−0.13 [101]. Also, the observational data of Type Ia
Supernovae provide the range value of the equation of state parameter as −1.67 < ω < −0.62,
whereas the constraint set by a combination of data of Type Ia Supernovae with galaxy
clustering statistics and CMB anisotropy, is in the range −1.33 < ω < −0.79. As shown
in Figure (3), the changes of Ω are plotted in terms of z and according to the mentioned
constant parameters for the different universes and states: interacting and non-interacting,
which have the same values, which is similar.
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Figure 3: The plot of ΩD in terms of z according to the constant parameters ρ0 = 1, λ = 0.5,
ω = 0.5 and A = 2 for −1 ≤ k ≤ 1, non-interacting in Figure (3a) and Interacting in Figure (3b)

A suitable method of describing the increasing or decreasing rate of the universe’s ex-
pansion is to examine the deceleration parameter. The form of the deceleration parameter
given in equation 10 involves two parameters constrained by some datasets to study its evo-
lution. As we know, the negative value of q corresponds to the accelerated phase, and the
positive q corresponds to the decelerating phase. Figure 1 determine the acceleration and
deceleration of q change from positive to negative. This shows a transition from deceleration
to acceleration of the universe. If we disscus about the equation of state parameter, then
we see that it reflects the relation of energy density and pressure, which mainly affects the
evolution of the universe. Values of ω characterize the equation of state parameter for the
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radiation-dominated phase. The cosmological constant is defined by ω = −1, the Λ-CDM
model. We know that −1 < ω < 0 represents the quintessence phase, and ω < −1 is the
phantom phase.

5 Physical Properties of Model
After testing the model using two cases: interactive and non-interactive, we will continue
to study the stability of the model. But here we will also examine some physical properties
of the model. Of course, an important point to mention is that the deceleration parameter,
the jerk parameter, and the statefinder are independent of the dark energy model. Once the
expansion history is given, the behavior of these parameters is determined. We will only
briefly review the features and status of the model mentioned here.

5.1 jerk parameter
Since the model considers a flat universe and the current universe is very close to the flat
one, our model also shows great compatibility with observational data. As mentioned, about
70% of the universe’s total energy consists of dark energy, about 3− 4% of baryonic matter,
and the rest, which is about 27%, is generally considered to be composed of a non-luminous
component of non-baryonic matter. It has an equation of state of dust (ω = 0), referred to as
cold dark matter [88–92]. Also, we know that in the literature, if dark energy consists of only
one cosmological constant, it is called the ΛCDM model. As a result, we used a method to
investigate dark energy models close to ΛCDM called the jerk parameter, described below.
A transition from deceleration to acceleration usually occurs for models with a positive j0
and negative q0. It should also be noted that for a well-known flat model ΛCDM , the jerk
parameter is (j = 1),

j(t) =
1

H3

¨̇a

a
=

(a2H2)′′

2H2
. (27)

We note here the important point is that the jerk parameter appears in the Taylor expansion
and the fourth sentence of this expansion around the parameter a0. We also know from the
above equation that dots are a time derivative, and prime is a derivative concerning the
scale factor. So, we have,

a(t)

a0
= 1 +H0(t− t0)−

1

2
q0H

2
0 (t− t0)

2 +
1

6
j0H

3
0 (t− t0)

3 +O
{
(t− t0)

4
}
. (28)

So, the equation (27) convert as follows,

j(t) = q + 2q2 − q̇

H
. (29)

Here, according to ansatz and equations (10), and (29), the jerk parameter for this scenario
is calculated as follows,

j(t) =
t−2λ(8 + 4(−3 + λ)λ+At2λ(−6 + (6 + Atλ)λ))

A2λ2
. (30)

Higher-order derivatives can be useful in understanding the future evolution of the universe
because q(z) can be tightly constrained from observations. The jerk parameter corresponds
to the third-time derivative of the scale factor a. The higher-order derivatives can describe
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the universe’s dynamics and may be related to the occurrence of abrupt future singularities
[109,110]. In the statefinder diagnostic, the jerk parameter is usually used to discriminate
between different dark energy models. Zhai [111] proposed various types of parameteriza-
tions of the jerk parameter as a function of redshift. A crucial feature of the jerk parameter
is that for the Λ-CDM model, the jerk parameter is equal to 1. The deviation from the
jerk parameter equal to one allows us to constrain the deviation from Λ-CDM. The value
of j0 for constraining the value of the constant parameter in [112] is well determined. The
value of j(z) is given in equation 31. Also, note that j(z) ̸= 1 at z=0 does not correspond to
Λ-CDM. As pointed out in [105], this issue can be interpreted as an expansion driven purely
by gravity correction. This value can be consistent with (j ≈ 2.16), which has been derived
from the combination of three distinct kinematical data sets. The first data set is the gold
sample of type Ia supernovae, which provides high-quality supernova measurements [106].
The second data set comes from the Supernova Legacy Survey (SNLS) project, which offers a
comprehensive collection of SNIa data [107]. The third data set includes x-ray galaxy cluster
distance measurements, which contribute additional constraints on cosmological parameters
[108]. These combined data sets yield a value of (j ≈ 2.16) at approximately (t ≈ 0.05).

5.2 Statefinder diagnostic
In fact, in the non-interactive state, an open and flat universe can pass through the phantom
region, while such a state of the interactive form only applies to the open universe. We can
also use a powerful tool called Statefinder, which is referred to as a pair as (r, s), to get a
geometric idea of the model mentioned with IR cut-off in a flat FRW universe [97]. First, for
each of the mentioned scenarios, we will calculate these two parameters separately and plot
the trajectories of the statefinder pairs (r, s) for each of the scenarios separately. We know
that for the simplest form of dark energy ΛCDM , pairs (r, s) are expressed as (r = 1, s = 0).
Statefinder pairs are as follows,

r =
˙̈a

aH3
, s =

r − 1

3(q − 1
2 )

. (31)

According to equation (31), the values of statefinder pair for the interacting and non-
interacting scenario are in the following form,

r =
t−2λ((8 + 4(−3 + λ)λ+Atλλ)(−6 + (6 + Atλ)λ))

A2λ2
,

s = −2t−λ(−2 + λ)

3Aλ
+

2λ

4− 4λ− 3Atλλ
.

(32)

In the literature, the pair (r=1, s=0) is associated with the constant cosmological model
ΛCDM . In the evolutionary plot related to r and q, it is clear that the evolutionary trajec-
tories start from matter-dominated in the past, and their evolutionary path leads to a point
in the late time. One can see that each instant of time corresponds to a curve with these
descriptions in which the EoS parameter ω for the barotropic fluid is left free. Upon elimi-
nation, one obtains the parametric plot. This point is important; when the EoS parameter
ω depends on time, two sound speeds (effective and adiabatic) are different. The effective
speed of sound, δp = c2sδρ, can be computed if the Lagrangian is known. For instance, for
a canonical scalar field c2s = 1. It is set by hand in phenomenological descriptions where
the Lagrangian is not known. Given the cosmological solution and the function w(t), one
can compute the adiabatic speed of sound, c2s = ṗ/ρ̇, which exhibits completely different
behavior, and it is negative most of the time. The statefinder diagnostic is a valuable tool
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in the cosmology of the present day and is being used to help the goal of distinguishing
various dark energy models [113–115]. In this setting, different trajectories such as r−s and
r − q describe the evolution of different dark energy models. In a FLRW background, the
pair of statefinder are {r, s} = {1, 0} for Λ-CDM, and {r, s} = {1, 1} for standard cold dark
matter (SCDM). In the planes of r − s and r − q, the deviation of any dark energy model
from these fixed points is examined. The range r > 1 and s < 0 represents a Chaplygin
gas type dark energy model. Interestingly, it can be noted that throughout its evolution,
the model deviates significantly from the point r, s = {1, 0}. One can study the model in
the {r, q} plane to get more details about the parametrization. This diagnostic plane repre-
sents the evolution and separates the {r, s} into different regions. We notice that the model
approaches the de-Sitter phase with r = 1, q = −1.

5.3 Stability
In this subsection, we want to evaluate the stability of the two scenarios we discussed above
and determine if they can be acceptable models. There are several methods for assessing
stability, one of which is the speed of sound. Hence, we obtain the sound speed expressed in
the form c2s = dp

dρ for the two scenarios non-interacting and interacting, which are as follows,

F = (exp
(
Atλ

)
)1+

3ωm
2

(
2kt2 − exp

(
Atλ

)
(−1 + λ)× (−4 + (2 + 3Atλ)λ)

)
+ 3

√
exp

(
Atλ

)
t2ωm(1 + ωm)ρ0,

G = 3(exp
(
Atλ

)
)1+

3ωm
2 (−2kt2 +A exp

(
Atλ

)
tλ(−1 + λ)λ)

+ 3
√
exp

(
Atλ

)
t2(1 + ωm)ρ0,

c2s =
F
G
,

(33)

and for interacting model,

c2s =

{
exp

(
2Atλ

)
exp

(
Atλ

)3ωm
(2kt2 − exp

(
Atλ

)
(−1 + λ)(−4 + 2λ+ 3At2λ))

+ 6(exp
(
Atλ

)
)3σt2(−1 + σ − ωm)(σ − ωm)ρ0

}/
{
3 exp

(
2Atλ

)
(exp

(
Atλ

)
)3ωm(−2kt2 +A exp

(
Atλ

)
× tλ(−1 + λ)λ)− 6(exp

(
Atλ

)3σ
t2(−1 + σ − ωm)ρ0

}
.

(34)

According to the figures, the stability of each model can be described. After the calculations,
in Figure (4), the stability of each of these models is calculated with the speed of sound and
its changes, i.e., the speed of sound at different times according to constant parameters and
for two different scenarios: interacting and non-interacting also concerning various values
of k related the open, flat, and close universe. figures show the instability in both modes.
Figures (5) and (6) also show the different energy conditions discussed in the text for different
values of constant parameters and for the different universe and both interacting and non-
interacting states, which satisfy each energy condition.
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Figure 4: The plot of c2s in terms of t according to the constant parameters: ρ0 = 1, λ = 0.5,
ω = 0.5 and A = 2, σ = 0.3 for −1 ≤ k ≤ 1 non-interacting in Figure (4a) and interacting in Figure
(4b)

5.4 Energy condition
Another important point discussed here is studying different energy conditions to see if
energy conditions such as weak energy conditions, dominant energy conditions, and strong
energy conditions are satisfied in two different scenarios. We discuss different energy con-
ditions for both models by plotting some figures for both scenarios. We express Different
energy conditions in the following form,

ρeff ≥ 0,

ρeff − peff ≥ 0,

ρeff + peff ≥ 0,

ρeff + 3peff ≥ 0.

(35)

Regarding the above mentioned, the figures can also be verified according to the redshift
parameter, i.e., z, which is related to the scale factor. Of course, how to determine this
situation and also check it with the help of the redshift function is also thoroughly re-
viewed in the literature [116–120]. The figures and their changes according to time units
are plotted with the explanations mentioned in the text, and the results are also discussed.
One can compare the results obtained from the calculations and the resulting figures with
other researches as [116–120]. The results of these articles were compared with the latest
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Figure 5: The plot of EC in terms of t for with respect to constant values ρ0 = 1, λ = 0.5, ω = 0.5
and A = 2, σ = 0.3 for −1 ≤ k ≤ 1 for open, flat, and close universe for non-interacting case

observational data, for example, in [118] according to the Hubble, Supernovae, Baryonic
Acoustic Oscillation (BAO) datasets and the applied constraints, various parameters have
been investigated, including the transition redshift, which is (z = +0.67+0.26

−0.36), and also
the compatibility of other parameters such as deceleration parameter (q = −0.50+0.12

−0.11) and
jerk parameter (j = −0.98+0.06

−0.02), and the calculation has been tested with the latest ob-
servational data. Also, the constraints that have been applied to other parameters such as
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Figure 6: The plot of EC in terms of t for with respect to constant values ρ0 = 1, λ = 0.5,
ω = 0.5 and A = 2, σ = 0.3 for −1 ≤ k ≤ 1 and for open, flat, and close universe for
interacting case

(Ωm0
≤ 0.269) have been thoroughly investigated. We examined the changes of the cos-

mological parameters in terms of the time unit, and how their relationship with any of the
other parameters, such as H, q, ρ, p, ω, and Λ, is expressed in [119]. In [119], researchers
studied the observational constraints in Λ-cosmology in f (R, T) gravity. The relationship



260 Saeed Noori Gashti∗ et al.

between each of the cosmological parameters is well discussed; the results can be compared
with the outcome of this paper. Of course, it is noteworthy that we only examined the
model mentioned in the two cases: interactive and non-interactive, and wanted to test some
model features and evaluate swampland conjectures following such a structure. CMB radi-
ation serves as verification of the big bang theory, SDSS (Sloan digital sky survey), which
provides a distribution map of the universe and decrypts the current interpretations in the
universe, Baryon acoustic oscillations measure structures of large-scale in the universe that
make the dark energy more striking, QUASARS reveal the matter between observers and
quasars, observations of type Ia SNe are the methods for calculating the cosmic distances
known as standard candles. Collections of Hubble data are considered cosmic chronometers,
with an example covering the redshift range of 0 < z < 1.097. The latest type 1048 SNe Ia
covers the range of redshift of 0.01 < z < 2.26. Furthermore, the luminosity distance data
of 1048 type Ia supernovae from Pantheon is newly developed [119].

6 Dark energy with specific conjectures
In this section, we will establish a relationship between dark energy and the refined swamp-
land conjecture. Although these conjectures are still emerging and face some problems,
they are rapidly developing and improving. Researchers have recently proposed conjectures
called the swampland program, which have had interesting results in various cosmological
studies such as inflation and the physics of black holes [116–118]. But the important point to
note here is the challenges that this approach encounters. In fact, it is not yet accepted as a
complete theory. One problem with this approach was the inconsistency with the single field
slow-roll inflation [119,120]. Of course, to solve these problems, different methods were used,
including the use of the Gauss-Bonnet term [121]. Also, researchers benefited from other
approaches, including corrections to the swampland conjectures that lead to better align-
ment with the latest observational data. For example, a correction has recently been made
to the swampland de Sitter conjecture, leading to the introduction of a newer conjecture,
which is referred to as the refined swampland de Sitter conjecture [122,123]. The extension
of this approach with some modifications on the conjectures to various cosmological theories
has led to the introduction of new conjectures such as the gravitino swampland conjecture
[124]. Given the above explanations, we also want to test a new approach to this theory. In
this article, we use the swampland de Sitter conjecture, which is introduced in the following
form [116–124]. So we decided to connect, albeit not so deeply, these conjectures and dark
energy. We will try to expand this idea and a deeper connection between the swampland
program, dark energy, dark matter, and inflation in future works. Also for more studies on
the applications of various conjectures of swampland program related to the physics of black
holes, thermodynamics and cosmological inflation, etc., you can see [125–193].

Various models for dark energy have been considered so far, and their cosmological
applications have been extensively explored, but the nature of the concept is still unclear.
The refined swampland conjecture discussed here is given in the following form,

Mpl
|V ′|
V

> C1, M2
pl

|V ′′|
V

< −C2. (36)

As it is known, the pressure and energy density for a scalar field is expressed as follows,

ρ =
1

2
ϕ̇2 + V (ϕ),

p =
1

2
ϕ̇2 − V (ϕ).

(37)
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As can be seen from the above equation, ϕ represents the scalar field, and V (ϕ) also indicates
the potential of the scalar field. The state equation EoS for a scalar field can also be expressed
as follows

ω =
ϕ̇2 − 2V

ϕ̇2 + 2V
. (38)

An important relationship can now be established here. According to the EoS in equation
(46) and the EoS for two different non-interacting and interacting scenarios that are specified
in equations (14) and (28), a relation for both scenarios can be specified in the following
form. So, for non-interacting model with respect to equations (14), and (45),

ω =
ϕ̇2 − 2V

ϕ̇2 + 2V
=− exp

(
−Atλ

)
k − 1

4
At−2+λλ(−4 + 4λ+ 3Atλλ)

− exp
(
− 2Atλ

)
(exp

(
Atλ

)
)

1
2−

3ωm
2 ρ0ωm

/
3 exp

(
−Atλ

)
k +

3

4
A2t−2+2λλ2 − (exp

(
Atλ

)
)−

3(1+ωm)
2 ρ0.

(39)

Also, for interacting model with respect to equations (28), and (46),

ω =
ϕ̇2 − 2V

ϕ̇2 + 2V
=− exp

(
−Atλ

)
k − 1

4
At−2+λλ(−4 + 4λ+ 3Atλλ)

+ exp
(
− 3Atλ

)
(exp

(
Atλ

)
)3(σ−ωm)ρ0(σ − ωm)

/
3 exp

(
−Atλ

)
k +

3

4
A2t−2+2λλ2 − (exp

(
Atλ

)
)3(−1+σ−ωm)ρ0.

(40)

With respect to equations (45), (47), and (48), we can acquire the straightforward expres-
sions for the kinetic energy Φ̇2 and scalar potential V (ϕ) for a given scalar field ϕ. in this
paper, and we need the scalar potential V (ϕ), So we obtain this term. The scalar field po-
tential according to equations (45) and (47) for the non-interacting model and with respect
to equations (45) and (48) Is obtained for the interacting model, which is referred to as the
following form. So for non-interacting model

V =
1

2

(
3 exp

(
−Atλ

)
k + 3At−2+λλ(−1 + λ+Atλλ) + exp

(
− 2Atλ

)
×
(
(exp

(
Atλ

)
)

1−3ωm
2 (−1 + ωm)ρ0 + 2(exp

(
Atλ

)
)

1−3ωm
2 ωmρ0

))
,

(41)

and for interacting model, we will have

V =
1

4
(2 exp

(
−Atλ

)
k +At−2+λλ(4− 4λ+ 3Atλλ)) + exp

(
− 3Atλ

)
× (−(exp

(
Atλ

)
)3(σ−ωm)ρ0 + (exp

(
Atλ

)
)3(σ−ωm)(−1 + σ − ωm)ρ0).

(42)

According to the scalar field potentials obtained in equations (49) and (50) and regarding
the swampland conjectures specified in equation (44), the components of C1, C2 can be
obtained for both non-interacting and interacting modes. Therefore, for the non-interacting
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mode, the first and second conjectures of the swampland are specified in the following form,

{
3At−3+λλ
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− 2 exp
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−Atλ

)
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It is also specified in the below for the interacting model,
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Figure 7: The plot of C12 in terms of t for non-interacting model, potential in equation (49) with
respect to constant values ρ0 = 1, λ = 0.5, ω = 0.5 and A = 2, σ = 0.3 for −1 ≤ k ≤ 1

We need the flat potential for accelerated expansion. So we should have the condition as
ϕ̇2 < V . The range of the equation of state parameter for ϕ is set in the region (−1 ≤ ω ≤ 1).
ω = −1 corresponds to the slow-roll limit condition such as ϕ̇2 ≤ V (ϕ). Requiring that
ϕ̇2 ≥ V (ϕ) implies the existence of the stiff matter in the universe. The Λ, introduced as the
key to the de Sitter evolution during the inflation stage, is obtained when the kinetic term
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Figure 8: The plot of C12 in terms of t for interacting model, potential in equation (50) with
respect to constant values ρ0 = 1, λ = 0.5, ω = 0.5 and A = 2, σ = 0.3 for −1 ≤ k ≤ 1

goes to zero as (Φ̇2 = 0). We can also see the evolutionary trajectory of the scalar potential
versus cosmic time t; since we want to test the swampland de Sitter conjecture, we show the
role of this conjecture and its evolution in terms of cosmic time. The potential dynamics
and its derivative as the swampland de Sitter conjecture can be seen parametrically plotted
in the following figures. First, to allow a superluminal expansion at an early epoch, V (ϕ)
dominates over the kinetic energy. The matter and radiation energies dominate at that
point, and the universe starts decelerating. At last, the scalar field energy grows rapidly,
indeed indicating that the universe is entering an accelerating phase. Figures (8) and (9)
show the behavior of each of the refined components of the swampland conjecture, plotted
for two different potentials associated with two different scenarios: non-interacting and
interacting for different universes with respect to constant parameters. As mentioned in
the text, according to the equation of state that was defined for each of these scenarios, we
obtained the potential and formed the swampland conjectures. We know that each of the
components of the swampland conjectures in the literature has positive values of order one
and that the second component C2 is smaller than the first component C1. In each of these
figures that you see, the range of these components is specified. As shown in Figure (8),
for different universes with respect to various values of k in the non-interacting case, there
is almost dissatisfaction, which is not acceptable. Of course, this is also the case for the
interacting scenarios, as shown in Figure (9). In the face of swampland conjectures, some
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acceptable range for t < 2 is seen in both cases and for all universes. As seen in the figures,
the differences between the universes in the figures are minimal and have very close values
to each other.

7 Conclusion
This paper investigated the nature and behavior of dark energy, which is the mysterious
force that drives the accelerated expansion of the universe, from two different viewpoints,
by testing a scenario that involves two scalar fields in two variants: one where the fields do
not interact with each other, and another where they do. We aimed to explore how dark
energy within a cosmological model that assumes a Friedmann-Robertson-Walker (FRW)
metric, which describes a universe that is spatially homogeneous and isotropic, meaning
that it looks the same in all directions and locations, and that consists of two components:
dark energy and a barotropic fluid, which is a type of fluid whose pressure depends only on
its density. We analyzed the evolution of dark energy from two different viewpoints: non-
interacting and interacting, by choosing a suitable ansatz, or a mathematical expression
that simplifies the problem, for the scale factor, which is a function that measures the size of
the universe as a function of time, and that reflects the transition in the universe from the
early decelerating phase, when the expansion was slowing down due to the effects of gravity,
to the late accelerating phase, when the expansion started to speed up due to the effects
of dark energy. We compared the outcomes of these two variants by computing various
parameters and quantities that characterize the properties and dynamics of dark energy,
such as pressure p, energy density ρ, equation of state (EoS), which is the ratio of pressure
to energy density and indicates how dark energy responds to the expansion, deceleration
parameter q, which is a measure of the rate of change of the expansion.

There are three possible values of the parameter k, which determines the curvature
and shape of the universe: positive, negative, or zero, corresponding to a closed, open,
or flat universe, respectively. In the following sections, we discussed the stability of these
two different scenarios, non-interacting and interacting, by calculating the sound speed,
and we showed that the model in each of the two scenarios is unstable, meaning that it
may develop instabilities or singularities. Moreover, we determined whether or not different
energy conditions, which are mathematical inequalities that constrain the behavior of matter
and energy in general relativity, such as the weak energy condition (WEC), the strong energy
condition (SEC), and others, are satisfied or violated by our model, by evaluating them
numerically. Then we studied the evolutionary trajectories and the dynamical analysis of
the model with the help of some useful tools such as the statefinder diagnostic (r, s), which
is a pair of dimensionless parameters that can distinguish between different dark energy
models and provide information about their past and future evolution. Finally, using the
equation of state of dark energy and the relationship between energy density and pressure
with the scalar field and potential, which is a function that determines the self-interaction of
the field, we reconstructed the potential of the scalar field and tested the refined swampland
conjecture, which is a hypothesis that imposes some constraints on the scalar field and
potential to be compatible with quantum gravity, and discussed the results in detail. An
important issue that we found in this calculation is that the swampland conjectures are
not satisfied by our model in the non-interacting cases, but in the interacting cases, some
acceptable range for the parameter t, which controls the strength of the interaction, is seen
for values less than 2, in both scenarios and for all types of universes. One can also test
the other conjectures of the swampland program, such as the trans-Planckian censorship
conjecture (TCC), which limits the duration of the inflationary epoch in the early universe,
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and other theories of dark energy and dark matter, compare the results with each other,
and identify the best model that fits the latest observational data.
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