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Abstract. In this paper, we introduce the cigar- shaped solution. Such metric can
be obtained by the Schwarzschild black hole. Here, we write the Dirac equation in
the corresponding background. We take some change of variable for the above equa-
tion and re-write the mentioned equation similar to the hypergeometric equation. We
take advantage from the known polynomial (hypergeometric) and factorized the Dirac
equation in cigar- shaped background in terms of first order equations and achieve the
wave function. Also, this first order equations lead us to use super symmetry approach
and obtain the energy spectrum. Finally, we take information from thermodynamic
and investigate the thermal properties of the system.
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1 Introduction
The Schrödinger effort to find the relativistic version of his equation led him to Kline-
Gordon equation where could be able to explain the spectrum of the Lyman, Blamer etc.
series but could not explain the Paschen’s spectrum. The Schrödinger himself think that
the neglecting of spin was the origin of this discrepancy [1]. The Dirac tried to make a
relativistic wave equation with spin but he started to remove the negative probability of the
theory. According to the Dirac the origin of the negative probability of the Kline-Gordon
equation was the presence of second order time derivative. Hence, he introduced his famous
relativist wave equation that was first order in both space and time variables, which is given
by

iγa∂aψ −mψ = 0. (1)
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The Dirac equation explain all of known spectrum series of hydrogen’ atom. It take into
account the spin and have not the negative probability and more it predict the anti particle!
But, what is the energy spectrum in curved space? To answer this, we need to generalize
the Dirac equation to curved space. The original Dirac equation is expressed in flat space
(Minkowski space). In order to extend Dirac equation to curved space, we need to back
some general system where the topology getting more important. Since the form of Dirac
equation is covariant thus it is sufficient to replace equation (1) with the following expression

iγµ∇µψ −mψ = 0. (2)

The gama matrix in general coordinate is defined as γµ ≡ ∂xµ/∂yaγa where ya is the
coordinate in locally Minkowski space and the xµ is the general coordinate. Namely, the
gama matrix is transformed as a vector field where its value in a locally Minkowski space
is the Dirac matrix. The transformation coefficients is named tetrad and denoted by eµa =
∂xµ/∂ya. The γµ matrixes satisfy the anti commutation relation {γµ, γν} = 2gµν where
gµν is the background metric. Because the the metric is related to Minkowski metric by
the relation gµν = eµae

ν
bη

ab; thus, we can express the connection as a function of tetrad and
then the covariant derivatives will be function of tetrad. Finally, one can write the Dirac
equation as [2],

[iγaeµa∂µ +
i

2
γa

1√
−g

∂µ(
√
−geµa)−m]ψ = 0. (3)

We are going to obtain the energy spectrum of the Dirac particles(Fermions) in a well
known background as cigar-shaped background. The cigar-shaped background metric first
introduced by E. Witten in the relation of string theory and black holes [3]. We express the
(1+1) Dirac equation in cigar-shaped background and then solve it by the supersymmetry
method. The organization of this paper is as follows. In section 2, we discuss cigar-shaped
background metric. In section 3, we obtain the energy spectrum of a Fermion in such a
background by supersymmetry method. By the energy spectrum of system at hand, we
obtain the partition function and other thermodynamics properties in section 4. In section
5, we have some conclusion and future suggestions.

2 Dirac Equation in Cigar-Shaped Background Metric
As we know, the quantum theory in curved space-time including two dimensional gravity
play important role in cosmology and string theory. Here, we consider the curved space-time
metric which is as cigar background which is given by,

ds2 = tanh2 xdt2 − dx2, x ≥ 0. (4)

We note here the scaler curvature is given by,

R = 4 sech2 x, (5)

where in limit of x → 0 the corresponding scalar curvature has not any singulary. So, one
can say that in above mentioned limit the curvature is regular. The cigar-shaped metric can
be obtained by the known Schwarzschild metric; so, Schwarzschild metric is,

ds2 = (1− 2M

r
)dt2 − (1− 2M

r
)−1dr2 − r2(dθ2 + sin2 θdφ2). (6)

By using the following change of variable,

u =
(ú+ v́)

2
, v =

(ú− v́)

2
, (7)
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where

ú = (
r

2M
− 1)

1
2 e

r
4M cosh(

t

4M
) (8)

v́ = (
r

2M
− 1)

1
2 e

r
4M sinh(

t

4M
), (9)

we can rewrite the equation (6) as,

ds2 =
32M3e

−r
2M

r
dudv + r2(dθ2 + sin2 θdφ2). (10)

By using suitable transformation to above equation we will arrive at [2]

ds2 =
1

1− uv
dudv. (11)

Such background metric is singular at uv = 1. If we take the following change of variable,

u = −1

2
ex́−t, v =

1

2
ex́+t, x́ = x+ ln(1− e−2x), (12)

and put the equation (11), we will have cigar-shaped metric as (4). Here, we consider the
metric (4) and rewrite the Dirac equation as,

[iω cothx+ γ0γ1(∂x +
1

sinh 2x
) + imγ0]ψ = 0. (13)

Then, if we take the separation of variables

ψ(x, t) = e−iωtψ(x) = e−iωt

(
ψ1(x)
ψ2(x)

)
, (14)

then, the corresponding Dirac equation will be as,

(−iω cothx+ ∂x +
1

sinh 2x
)ψ1 + imψ2 = 0, (15)

(−iω cothx− ∂x − 1

sinh 2x
)ψ1 + imψ1 = 0. (16)

We take the following change of variable in equation (15) and (16)

ψ2 = tanh−
1
2 (x)φ2(x). (17)

Then, one can rewrite the equation (15) and (16) as,

y(1− y)ϕ′′2(y) + (
1

2
− y)ϕ′2(y)− (

k2

4
− β′(β′ − 1)

4y
)φ2 = 0, (18)

where β′ = −iω and k2 = β′2+m2. Now, we are going to take the equation (18) and obtain
the corresponding solution. In that case, we employ the supersymmetry approaches and
study the equation (18).
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3 Supersymmetry Approach and Cigar-Shaped Back-
ground Metric

The idea of supersymmetry first introduced in relativistic quantum mechanics. In 1976,
Nicolai applied its procedure to non-relativistic quantum mechanics. In 1981, E. Witten use
it for one dimensional model. After that the supersymmetry was a major tool in quantum
mechanics and many other fields of physics [14,15]. Here, we apply such an approch to
our problem [5–8,16]. In order to solve the equation (18) and obtain some supersymmetry
information, we take the change of variable as

φ(y) = f(y)p(y). (19)

We put this in equation (18), we will arrive the following equation,

y(1− y)F ′′(y)−
[
2y(1− y)

p′(y)

p(y)
+ (

1

2
− y)

]
F ′(y)

+
[
y(1− y)

p′′(y)

p(y)
+ (

1

2
− y)

p′(y)

p(y)
− k2

4
+
β′(β′ − 1)

4y

]
F (y) = 0. (20)

We compare equation (20) with the following equation [4]

y(y−1)F ′′
n (α, η)(y)+[(α+1)−(α+η+2)(y)]F ′

n(α, η)(y)+n(n+α+η+1)F (α,η)
n (y) = 0, (21)

then, we will obtain the p(y) as,

p(y) = y
1
2 (α+

1
2 )(1− y)

1
2 (η+

1
2 ). (22)

So, the general wave function will be as,

φ(y) = Ny
1
2 (α+

1
2 )(1− y)

1
2 (η+

1
2 )F (α,η)

n (y). (23)

If we compare the third part of equation (20), one can arrange the energy spectrum or
k2 = m2 + β′2 as,

k2 = 4n(n+ α+ η + 1) + (α+ η + 1)2. (24)

So, the corresponding m2 will be as

m2 = E = −β′2 + 4n(n+ α+ η + 1)− (α+ η + 1)2, (25)
E = E0 + 4n(n+ α+ η + 1), (26)

where
E0 = β′2 + (α+ η + 1)2. (27)

Now, we are going to look at the system in supersymmetry point of view. In order to
investigate such topic, one can factorize the equation (18) in terms of first order equation
which is given by [4],

An(y) = y(1− y)
d

dy
+ ny − n(n+ η)

2n+ α+ η
, (28)

Bn(y) = −y(1− y)
d

dy
+ (n+ α+ η)y − (n+ α)(n+ α+ η)

2n+ α+ η
. (29)



The Cigar-Shaped Background Metric with Supersymmetry . . . 77

Here, one can say that the two first order operators (28) and (29) are satisfied by the
following equations

Bn(y)An(y)φn(y) = φn(y), (30)
An(y)Bn(y)φn−1(y) = ϵnφn−1(y). (31)

Also, the equation (30) and (31) with (28) and (29) lead us to the following results,

Bn(y)φn−1(y) = φn(y), (32)
An(y)φn(y) = ϵnφn−1(y), (33)

where
ϵn =

(n+ α)(n+ η)

(2n+ α+ η)2
[n(n+ α+ η)]. (34)

The obtained results of energy give us opportunity to investigate the thermal properties of
the system.

4 Thermal Properties of Corresponding System
So, we are going to study the thermal properties of the system [9–13]. In order to investigate
the thermal properties of such system we have to consider the above mentioned energy which
is given by

E = E0 + 4n(n+ α+ η + 1). (35)
Meanwhile, we have following expression β′2 = (α + η + 1)2. In any physical system if we
want to study the thermal properties as phase transition, critical point, entropy, internal
energy and free energy we shall need to have the corresponding partition function. In order
to obtain the partition function for the energy (35), one can write the general formula as,

Z =

∞∑
n=0

e−βEn , (36)

where β = 1
KT . Now, we consider the energy as mentioned before in equation (35). We put

equation (35) into equation (36), we arrive at

Z =

∞∑
n=0

e−β(E0+(4n(n+α+η+1))

= e−βE0

∞∑
n=0

e−β(4n(n+α+η+1))

= e−βE0

∞∑
n=0

e−β(4n(n+α+η+1)). (37)

Now, we use some mathematical remark and change in equation (37) the form of summation
to integral. So, we have following expression

Z = e−βE0

∫ ∞

0

e−4βn2−4β(α+η+1)ndn

= e−βE0

∫ ∞

0

e−4β(n+ 1
2 (α+η+1)2eβ(α+η+1)2dn

= e−βE0+β(α+η+1)2
∫ ∞

0

e−4β(n+ 1
2 (α+η+1)2dn. (38)
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Here, we take y = n+ 1
2 (α+ η + 1)2; so,

Z = e−βE0+β(α+η+1)2
∫ ∞

0

e−4βy2

dy. (39)

Since, the integrand is an even function, we can rewrite the integral as

Z = e−βE0+β(α+η+1)2 1

2

∫ ∞

−∞
e−4βy2

dy. (40)

Thus, the partition function will be as,

Z =

√
π

4
(
1

β
)

1
2 eβ[(α+η+1)2−E0]. (41)

By using the above partition function, one can obtain all thermal quantities of the system.
The internal energy will be as

U = − ∂

∂β
lnZ =

1

2β
− β[(α+ η + 1)2 − E0] =

1

2
KT − 1

KT
[(α+ η + 1)2 − E0]. (42)

As we know, the particle in the cigar-shaped background has three terms in energy U . If
we have flat space the energy U just has the 1

2KT +E0β. But the term of −β[(α+ η+1)2]
is coming from non-flat space. As we can see the internal energy increase with temperature
and have a non-zero energy at temperature zero. Now, we are also going to calculate the
Helmholtz free energy as

A = − 1

β
lnZ = − 1

β
(ln

√
π

4
− 1

2
lnβ + β[(α+ η + 1)2 − E0]). (43)

Here, we have also four terms. The most important term here is − 1
β ln

√
π
4 + 1

2 lnβ. Because
such term will be a correction. If we look at any black hole, we will see some correction
term which is complectly agree with literatures. As we know, the calculation of entropy is
very important in black holes and some metric back ground. Because such quantity help us
to consider the black as a bit of some information which is similar to computer science. On
the other hand, we have several approach to calculating the entropy of system. So, here we
also obtain the entropy which is give by,

S = − ∂

∂T
A = −∂A

∂β

∂β

∂T
=

1

KT 2

∂A

∂β
=

4kβ2

√
π

− kβ

2
+ kβ2[(α+ η + 1)2 − E0]. (44)

Also, for the entropy we have some correction term which play important role in quantum
gravity.
Again the entropy will increase with temperature as in flat space.

5 Conclusions
In this paper, we have solved the Dirac equation in a certain space time by super symmetry
approach. We have discussed the appropriate wave function in the cigar-shaped space. The
energy spectrum of the particle is derived. This energy function depends on the geometrical
parameter of the background. Finally, we look advantage from the obtained energy and
investigated the thermal properties of systems. Here, by using the partition function, we
obtained the internal energy U , Helmoltz free energy and entropy of corresponding back
ground. The results from thermal quantities such as U , A, and S shown that we had some
correction term, which is important in quantum gravity.
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