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Abstract. This paper presents a time-dependent model for magnetized, advection-
dominated accretion flows (ADAFs) that incorporates non-ideal effects, specifically
resistivity and saturated thermal conduction. We apply a self-similar method to trans-
form the full time-dependent magnetohydrodynamic (MHD) equations into a set of
coupled ordinary differential equations, enabling us to investigate the evolving radial
structure influenced by turbulent viscosity, magnetic diffusivity, and non-local energy
transport. The resulting solutions confirm that the flow structure is inherently time-
dependent. Numerical results demonstrate that increasing the efficiency of outward
energy transport via saturated conduction weakens turbulence, reduces dissipation and
temperature, increases density, and reduces the radial infall velocity while increasing
the rotational velocity. In contrast, stronger magnetization leads to enhanced mag-
netic fields, lower temperatures, and faster radial inflow. We further show that the
turbulence prescription parameter, which controls the pressure dependence of trans-
port coefficients, significantly influences the balance between magnetic and thermal
support. This framework offers a dynamic perspective on magnetized accretion flows,
highlighting how non-ideal magnetic effects and conduction regulate the flow structure.
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1 Introduction
Accretion flows onto compact objects such as black holes and neutron stars exist in various
regimes, with hot, geometrically thick, and advection-dominated accretion flows (ADAFs)
describing systems with low mass accretion rates [1,2]. In these hot, optically thin plasmas,
the traditional assumption of local radiative energy balance breaks down, and a significant
fraction of the dissipated gravitational energy is advected inward rather than radiated away.
Thermal conduction plays a particularly important role in such environments due to the high
temperature and low density, which lead to a long electron mean free path and place conduc-
tion in the saturated regime [3]. This non-local energy transport can substantially modify
the thermal structure and stability of the flow by redistributing heat radially, as noted
in studies of hot accretion flows [4]. High-resolution magnetohydrodynamic (MHD) simula-
tions of hot accretion flows including thermal conduction have demonstrated that conduction
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plays an important role in redistributing thermal energy and shaping the temperature and
wind structure of the flow [5].

Magnetic fields are essential components of accretion dynamics, contributing to angular
momentum transport via MHD turbulence and potentially driving outflows. In differentially
rotating flows, radial field components are wound up to produce toroidal fields [6,7]. This
toroidal component contributes both magnetic pressure and tension forces that can signifi-
cantly influence the flow’s structure, stability, and dynamical evolution [8]. Moreover, in the
hot, low-density ADAF regime, magnetic pressure can become comparable to gas pressure,
necessitating self-consistent treatment of magnetic support. Beyond ideal MHD, resistive
effects become important in weakly ionized or turbulent plasmas, enabling Ohmic dissipa-
tion [9,10]. Recent studies have shown that including magnetic diffusivity can significantly
alter the thermal and dynamical properties of accretion flows [11].

Significant insight into the behavior of such complex systems has been gained through
semi-analytical self-similar solutions, which reveal scaling relationships and parameter de-
pendencies. Faghei (2012) developed a steady-state, self-similar model for viscous and resis-
tive ADAFs that incorporated both magnetic diffusivity and saturated thermal conduction
[10]. This work demonstrated how resistivity and conduction jointly affect the structure and
energy balance of magnetized accretion flows. However, the steady-state formulation pre-
cludes investigation of temporal evolution, which is crucial for understanding flow responses
to instabilities, variable boundary conditions, or transient phenomena often observed in
accreting systems [12].

In this paper, we extend the framework of Faghei (2012) by constructing a time-dependent
model for magnetized, advection-dominated accretion flows with both resistivity and satu-
rated thermal conduction [10]. We derive a set of self-similar ordinary differential equations
from the full time-dependent partial differential equations, enabling us to investigate how
magnetic tension, turbulent viscosity and diffusivity, advection, and non-local thermal con-
duction collectively shape the evolving radial structure of the flow. Our model provides
boundary conditions for numerical integration and offers a more dynamic perspective on
hot accretion than previously available in semi-analytical resistive MHD studies.

2 Basic Equations
We investigate the dynamical behavior of a hot, magnetized accretion flow by constructing
a simplified model in spherical coordinates (r, θ, ϕ) centered on a central object of mass M∗.
We consider the flow in the equatorial plane (θ = π/2), assuming axisymmetry (∂/∂ϕ = 0)
and neglecting all latitudinal dependencies, so that all physical quantities depend only on
the radial coordinate r and time t. Self-gravity of the accreting gas and general relativis-
tic corrections are neglected. Therefore, the gravitational potential of the central mass is
described by the Newtonian form Φ = −GM∗/r. The model incorporates a toroidal mag-
netic field Bφ and extends previous work by self-consistently including the effects of both
saturated thermal conduction and resistivity, allowing for a more realistic treatment that in-
cludes non-ideal MHD effects. Under the above assumptions, the dynamics of the accretion
flow are governed by the following set of equations.

The conservation of mass is expressed by the continuity equation

∂ρ

∂t
+

1

r2
∂

∂r

(
r2ρvr

)
= 0, (1)

where ρ is the mass density and vr is the radial velocity.
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The radial momentum conservation is given by

∂vr
∂t

+ vr
∂vr
∂r

+
1

ρ

∂pg
∂r

+
GM∗

r2
− rΩ2 +

1

4πρ

Bφ

r

∂

∂r
(rBφ) = 0, (2)

where pg is the gas pressure, Ω is the angular velocity, and the last term represents the
magnetic tension force associated with the toroidal magnetic field.

Angular momentum transport satisfies

ρ

[
∂

∂t

(
r2Ω

)
+ vr

∂

∂r

(
r2Ω

)]
=

1

r2
∂

∂r

(
νρr4

∂Ω

∂r

)
, (3)

where ν is the kinematic viscosity coefficient.
The evolution of the toroidal magnetic field follows from the induction equation, including

magnetic diffusivity
∂Bφ

∂t
+

1

r

∂

∂r

[
rvrBφ − η

∂

∂r
(rBφ)

]
= 0, (4)

where η denotes the magnetic diffusivity.
Here, we assume that both ν and η arise from turbulent processes within the accretion

flow [9] and references therein. We therefore adopt a generalized parameterization expressing
these coefficients as

ν = α
pg

ρΩK
(1 + µ)1−n, (5)

η = η0
pg

ρΩK
(1 + µ)1−n, (6)

where α and η0 are dimensionless parameters characterizing the efficiency of turbulent vis-
cosity and magnetic diffusivity, respectively; ΩK =

√
GM∗/r3 is the Keplerian angular

velocity; and µ is the disk magnetization defined as the ratio of magnetic to gas pressure,

µ =
B2

φ/8π

pg
. (7)

The exponent n is a free parameter that switches between different turbulence prescriptions,
e.g., n = 0 corresponds to total pressure support, while n = 1 corresponds to gas pressure
support. This formulation implies a constant magnetic Prandtl number,

Pm =
ν

η
=

α

η0
, (8)

which is a common assumption in semi-analytical models of turbulent accretion disks. The
dependence on (1+µ) introduces a feedback mechanism whereby the magnetic field strength
directly influences the efficiencies of angular momentum transport and magnetic diffusion.

The energy equation governing the accretion flow can be written as

1

γ − 1

(
∂pg
∂t

+ vr
∂pg
∂r

)
+

γ

γ − 1

pg
r2

∂

∂r

(
r2vr

)
= Qvis +Qres −Qrad −Qcond, (9)

where γ is the adiabatic index. The terms on the right-hand side correspond to various
heating and cooling processes, defined as follows. The viscous heating rate per unit volume
is

Qvis = νρr2
(
∂Ω

∂r

)2

, (10)
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and the resistive heating rate due to magnetic diffusivity is

Qres =
η

4πr2

[
∂

∂r
(rBφ)

]2
. (11)

Thermal conduction contributes an energy transport term of the form

Qcond =
1

r2
∂

∂r

(
r2Fsat

)
. (12)

Because of the plasma is low density and high temperature, the electron mean free path is
large and conduction operates in the saturated regime [3]. The saturated conductive flux is
given by

Fsat = 5ϕspg

(
pg
ρ

)1/2

= 5ϕsρc
3
s, (13)

where cs =
√
pg/ρ is the isothermal sound speed, and ϕs is a dimensionless saturation

constant of order unity. The flow is assumed to be radiatively inefficient. We characterize
this by defining the advection factor f as the fraction of the total heating that is advected
inward rather than radiated away. Accordingly, the radiative cooling term is written as

Qrad = (1− f) (Qvis +Qres) , (14)

with 0 ≤ f ≤ 1; here, f = 1 corresponds to full advection dominance with negligible radia-
tion losses. This energy balance accounts for viscous and resistive heating, radiative cooling,
and non-local energy transport by saturated thermal conduction, providing a comprehen-
sive thermodynamic description of the magnetized accretion flow. The advective transport
of energy can be written by substituting equations (10)–(12), and (14) into equation (9) as

Qadv =
1

γ − 1

(
∂pg
∂t

+ vr
∂pg
∂r

)
+

γ

γ − 1

pg
r2

∂

∂r

(
r2vr

)
= f

{
νρr2

(
∂Ω

∂r

)2

+
η

4πr2

[
∂

∂r
(rBφ)

]2}
− 1

r2
∂

∂r

(
r2Fsat

)
.

This set of equations (1)–(4), and (15) defines our time-dependent model for a resistive,
advection-dominated magnetized accretion flow with saturated thermal conduction.

3 Self-similar solutions
To obtain time-dependent solutions of the governing equations, we employ a self-similar
transformation inspired by the natural scaling of the problem. We define the similarity
variable ξ and express physical variables in terms of ξ and time t as follows

r = (GM∗)
1/3 ξ t2/3, (15)

ρ(r, t) =

(
Ṁ0

GM∗

)
R(ξ) t−1, (16)

pg(r, t) =

(
Ṁ3

0

GM∗

)1/3

P (ξ) t−5/3, (17)

vr(r, t) = (GM∗)
1/3V (ξ) t−1/3, (18)
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Ω(r, t) = W (ξ) t−1, (19)

Bφ(r, t) =

(
Ṁ3

0

GM∗

)1/6

B(ξ) t−5/6, (20)

where Ṁ0 is a constant mass accretion rate scale, chosen to represent the characteristic mass
inflow of the system, and R(ξ), P (ξ), V (ξ), W (ξ), and B(ξ) are dimensionless functions of
the similarity coordinate ξ.

The mass accretion rate is self-similarly scaled as

Ṁ(r, t) = Ṁ0ṁ(ξ). (21)

Substituting these transformations into the basic system of equations (1)–(4), and the energy
equation (15), reduces the partial differential equations (PDEs) to a set of coupled ordinary
differential equations (ODEs) in ξ(

V − 2ξ

3

)
dR

dξ
−R+

R

ξ2
d

dξ

(
ξ2V

)
= 0, (22)(

V − 2ξ

3

)
dV

dξ
− V

3
+

1

R

dP

dξ
− ξ

(
W 2 − ξ−3

)
+

B

4πξR

d

dξ
(ξB) = 0, (23)

R

[(
V − 2ξ

3

)
d

dξ
(ξ2W ) +

1

3
ξ2W

]
=

α

ξ2
d

dξ

[(
1 +

B2

8πP

)1−n

Pξ
11
2
dW

dξ

]
, (24)

1

γ − 1

[(
V − 2ξ

3

)
dP

dξ
− 5P

3

]
+

γ

γ − 1

P

ξ2
d

dξ
(ξ2V ) =

fP

(
1 +

B2

8πP

)1−n
[
αξ

7
2

(
dW

dξ

)2

+
η0
4πR

ξ−
1
2

(
d

dξ
(ξB)

)2
]
− 5ϕs

ξ2
d

dξ

(
ξ2P

√
P

R

)
, (25)

(
V − 2ξ

3

)
dB

dξ
− 5B

6
+

B

ξ

d

dξ
(ξV )− η0

ξ

d

dξ

[
P

R
ξ

3
2

(
1 +

B2

8πP

)1−n
d

dξ
(ξB)

]
= 0. (26)

These equations govern the radial profiles of density, pressure, velocity, angular velocity, and
magnetic field strength, encapsulating the effects of magnetic diffusivity, viscosity, saturated
conduction, and advection.

3.1 Asymptotic solutions near the center
To understand the behavior of the flow near the central object (ξ → 0), we seek asymptotic
power-law solutions for the dimensionless variables. We express these as expansions of the
form

R(ξ) ∼ ξ−3/2 (R0 +R1ξ + · · · ) , (27)

P (ξ) ∼ ξ−5/2 (P0 + P1ξ + · · · ) , (28)

V (ξ) ∼ ξ−1/2 (V0 + V1ξ + · · · ) , (29)

W (ξ) ∼ ξ−3/2 (W0 +W1ξ + · · · ) , (30)

B(ξ) ∼ ξ−5/4 (B0 +B1ξ + · · · ) . (31)
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Substituting these expansions into the system of ordinary differential equations (22)–(26)
and collecting terms at the leading order yields a set of algebraic relations between the
coefficients {R0, P0, V0,W0, B0}.

In particular, the coefficient R0 satisfies an implicit nonlinear equation given by{
f(γ − 1)

[
(864π2R2

0 − 27ṁ2
in)α

2(1 + µ)(1−n)

6πR0α

+
8
(
(−9µ− 45)α+ µη0

)
ṁinR0π

6πR0α

]
+ 24ṁin(γ − 5/3)

}

×

√
6ṁin

π(1 + µ)(1−n)αR0
− 320ϕsṁin(γ − 1)

(1 + µ)(1−n)α
= 0 (32)

The other coefficients can be expressed approximately as

P0 ≈ ṁin

6π(1 + µin)1−nα
, (33)

V0 ≈ − ṁin

4πR0
, (34)

W0 =

√
α (R2

0π
2 − ṁ2

in/32) (1 + µin)1−n − ṁinR0π(µin + 5)/12

R2
0π

2α(1 + µin)n−1
(35)

B0 ≈

√
4 ṁin µin

3(1 + µin)1−nα
. (36)

Here, ṁin and µin denote respectively the dimensionless mass accretion rate and the mag-
netization parameter near the inner boundary ξin. These parameters are defined in terms of
the leading coefficients as

ṁin ≈ −4πR0V0, (37)
and

µin ≈ B2
0

8πP0
. (38)

By determining these coefficients self-consistently, the asymptotic relations provide the nec-
essary inner boundary conditions for numerical integration of the ODE system outward, and
encapsulate the physical effects of viscosity, magnetic diffusivity, conduction, and advection
of the accretion flow.

3.2 Numerical results
The system of nonlinear, coupled ODEs given by equations (22)-(26) is solved numerically
to determine the radial structure of the time-dependent, magnetized ADAF in the presence
of thermal conduction. The inner asymptotic solutions, given by equations (27)-(31) and
the algebraic relations (32)-(38), provide the crucial boundary conditions at a small value
of the similarity variable, ξin. We integrate the ODEs outward from this point using a
numerical scheme combining a fourth-order Runge-Kutta (RK4) method with an adaptive
Fehlberg stepsize control, ensuring accuracy and stability across the vast dynamic range of
the solution. Example radial profiles resulting from this numerical integration are shown in
Figures 1–3.
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Figure 1: Radial profiles of scaled variables for ṁin = 1, µin = 0.1, α = 0.3, n = 0, η0 = 0.6,
γ = 1.5, f = 1 with varying saturated conduction parameter ϕs = 0, 0.03, 0.06. Panels show
from top-left to bottom-right: scaled density Rξ3/2, sound speed (P/R)ξ, radial velocity
V ξ1/2, angular velocity W ξ3/2, toroidal magnetic field B ξ5/4, and magnetization µ.

To clear the behavior of the flow and facilitate a direct comparison with the canonical
steady-state self-similar solutions [10], we plot the scaled dimensionless variables, i.e. Rξ3/2,
(P/R)ξ, V ξ1/2, Wξ3/2, and Bξ5/4. In a steady, self-similar model of a hot flow without addi-
tional physics, these quantities are constants independent of ξ. Their pronounced variation
with ξ in our solutions is a definitive signature of the flow’s essential time-dependence and
the complex interplay between accretion, magnetic fields, turbulence, and energy transport.
Given that c2s = pg/ρ ∝ (P/R)t−2/3 and r ∝ ξt2/3, we find (P/R)ξ ∝ (cst

1/3)2/r. This
scaling effectively normalizes the sound speed by a combination of the temporal and spatial
scales.

Figure 1 presents radial profiles of key dimensionless variables for a magnetized, advection-
dominated accretion flow, illustrating the influence of the thermal conduction parameter ϕs

for values 0, 0.03, and 0.06. The significant variation of quantities such as Rξ3/2, V ξ1/2,
Bξ5/4, and etc with the similarity variable ξ highlights a solution that is distinctly different
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Figure 2: Radial profiles for ṁin = 1, ϕs = 0.001, α = 0.3, n = 0, η0 = 0.2, γ = 1.5, f = 1
with several values for magnetization µin = 0.01, 0.05, 0.1. Panels as in Figure 1.

from steady-state behavior, indicating a time-dependent flow structure. The scaled sound
speed (P/R)ξ, representing temperature, decreases with increasing ϕs, consistent with heat
transport via conduction reducing the local temperature. This temperature reduction leads
to a decrease in gas pressure and a corresponding increase in gas density within the accreting
flow. Furthermore, turbulent viscosity, which is proportional to temperature, weakens with
increasing ϕs, resulting in reduced viscous torque, an increase in rotational velocity, and
a decrease in radial velocity, as confirmed by the profiles. Notably, the ratio of magnetic
pressure to gas pressure increases with radius, a feature observed across different param-
eter values. Finally, the inclusion of thermal conduction leads to a reduction in both the
magnetic field strength and the magnetization parameter, likely due to energy transport
through conduction affecting the magnetic field configuration and the efficiency of magnetic
diffusion.

Figure 2 presents radial profiles of key physical quantities for magnetized accretion flows,
illustrating the influence of the magnetization parameter µin, with µin = 0.01, 0.05, 0.1, on
the flow structure. As µin increases, the magnetic field strength and the ratio of magnetic
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Figure 3: Radial profiles for ṁin = 1, µin = 0.2, α = 0.2, η0 = 0.5, γ = 1.5, f = 1 with
varying turbulence parameter n = 0, 0.5, 1. Panels as in Figure 1.

to gas pressure rise, confirming the dominance of magnetic forces. This enhanced magnetic
support leads to a decrease in gas pressure and a corresponding reduction in density, with
the density profile becoming steeper. This implies a reduction in the radial thickness of the
accretion flow, a feature consistent with earlier studies (e.g. [13]). The sound speed decreases
with increasing µin, reflecting the growing contribution of magnetic pressure relative to gas
pressure. The radial infall velocity increases with µin, a behavior qualitatively consistent
with Akizuki & Fukue (2006) [14], likely due to magnetic tension forces dominating over
magnetic pressure in the radial momentum equation, thereby driving material inward. Con-
versely, the rotational velocity decreases with increasing magnetic field strength, which can
be attributed to the magnetic pressure term in the kinematic viscosity coefficient (equation
(5)).

Figure 3 illustrates the radial structure of the accretion flow as a function of the tur-
bulence prescription parameter n, where n governs the pressure support mechanism for the
turbulent viscosity and magnetic diffusivity (equations (5) and (6)). Specifically, n = 0
corresponds to turbulence fully supported by the total pressure, while n = 1 corresponds
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to support solely by gas pressure. The observed profiles indicate that increasing n leads
to weaker turbulence and reduced turbulent dissipation, evidenced by a decrease in the
magnitude of the radial velocity and a corresponding increase in rotational velocity. The
temperature profile follows this trend, decreasing as n increases, which is reflected in the
sound speed profile. Consequently, the decreasing temperature results in lower gas pressure,
causing the density profile to increase across all radii for larger n. Regarding the magnetic
field, increasing n leads to an increase in the magnetic field strength. However, the ratio of
magnetic pressure to gas pressure exhibits a slight decrease. This latter observation suggests
that while the magnetic field itself grows stronger due to the modified transport mechanisms,
the accompanying increase in gas pressure (due to weaker turbulence/dissipation) is propor-
tionally larger, slightly diluting the magnetization ratio within the flow structure.

4 Summary and Discussion
This paper presents a time-dependent, self-similar model for magnetized, advection domi-
nated accretion flows that incorporates resistive effects and saturated thermal conduction.
Building on the steady-state framework of [10], we derive a set of coupled partial differential
equations that describe the evolving radial structure of the flow under the influence of tur-
bulent viscosity, magnetic diffusivity, and non-local energy transport via conduction. Our
model accounts for key physical processes such as angular momentum transport via turbu-
lent viscosity and magnetic tension, magnetic field evolution through resistive diffusion, and
energy balance involving viscous and resistive heating, and saturated thermal conduction.
The inclusion of time dependence allows us to study the transient dynamics of accretion
flows, offering a more realistic and dynamic picture than previous steady-state models.

The self-similar formalism enables a reduction of the full partial differential equations
to a set of ODEs, which can be solved numerically to obtain radial profiles of density,
pressure, velocity, angular velocity, and magnetic field. The asymptotic analysis near the
central object reveals power-law behavior, with the structure governed by a balance between
gravitational, magnetic, and turbulent forces, as well as energy transport mechanisms. Key
physical variables exhibit consistent behavior with recent studies. For instance, our results
show that increasing the saturated conduction parameter reduces the sound speed and tem-
perature of the flow, consistent with the findings of Mitra et al. (2023) [15], who showed that
stronger conduction transports thermal energy outward and alters the global structure of
hot accretion flows. In the model, this leads to a decrease in radial velocity and an increase
in the density profile.

The solution in this paper represents that the magnetization parameter increases with
radius, a property that can not be seen in steady state self-similar solution (e.g. [14]). The
solution in this paper demonstrated that a stronger magnetic field in the accreting flow leads
to a reduction in density, and an increase in radial infall velocity. These results highlight
the dominant role of magnetic forces in shaping the flow structure. Our model shows that
thermal conduction modifies the magnetic field structure and reduces the overall magneti-
zation, likely due to redistribution of thermal energy affecting the field configuration. This
behavior is consistent with previous studies, which demonstrate that conduction interacts
with instabilities such as the magnetothermal instability and can influence magnetic field in
hot accretion flows [16].

In the present model, the accretion flow is analyzed using a one-dimensional approach,
neglecting latitudinal variations in physical quantities. A latitudinal study of the model can
be explored in future work. We employ a saturated thermal conduction flux. However, some
studies use unsaturated conduction and also achieve good agreement with observations (e.g.
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[17]). Thus, extending the present model to the unsaturated case would be of interest.
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