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Abstract. To consider the cosmic magnetic effects on the rate of cosmic inflation, in-
stead of unknown dark sector of matter/energy, some authors presented non-minimally
coupled exotic Einstein-Maxwell (EM) gravity theories which we address in this work.
We use one of these models and add Dirac action functional interacting with gauge
Maxwell field to the exotic EM gravity and then investigate the formation and stability
of a relativistic fermion star by using the dynamical system approach. Mathematical
calculations predict important role of frequencies of the Dirac waves in formation of
the Dirac star and whose critical energy density. Dirac star is a particular kind of
fermionic relativistic star which has spherically symmetric static metric field. In this
context, the directional interaction parameter between the gravity, and the electromag-
netic fields play more important role, particularly in size of the star. Large values of
that parameter makes larger Dirac star. Furthermore, we apply the dynamical system
approach to find stabilization conditions of the Dirac star. These conditions are linked
to specific values of the total angular momentum quantum numbers (including both
spin and orbital contributions).

Keywords: Relativistic Stars, Fermionic, Dirac Spinor, Stability, S-Mode Wavs, Dy-
namical Systems.

1 Introduction

To describe the expansion of the universe via particle physics perspective where gravity
plays a dominant role, usually the standard model is generalized by the general theory
of relativity as gravity side of the system. Such models are called scalar-vector-tensor-
spinor gravity theories, where the combination of spinor fields with the electromagnetic field
and metric tensor fields play a crucial role in achieving appropriate models that describe
expanding universe [1-3]. Such models are also used to describe how compact stellar objects
form. See for instance [4,5] for formation of star and wormhole respectively with baryonic
matter. For application of the Yang-Mills theory coupled with the Einstein metric field
equations, one can see [6]. Finster et al. used numerically method in ref [7], to solve
Einstein-Dirac (ED) equations and found regular and well-behaved metric solutions which
describe a neutral spherically symmetric coupled static compact stellar system with two
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singlet spin-1/2 fermions. They used Einstein-Dirac-Maxwell (EDM) equations to study the
effects of gauge field for star formation the references [8]. [9,10] are similar works but by
using the perturbation method. Solitonic particle-like stable solutions of the EDM gravity
called as Dirac stars (DS) are found in presence of spinor self-interaction [11-22]. Similar
research has been done to achieve the concept of boson stars (BS) [23]. Both BS and DS are
proposed as approximate descriptive models for microscopic objects in the early universe [24].
Investigations in the classical approach of field theories predict that there are no different
properties between DS and BS [4,25], but in the quantum approach, a rotating BS can have
a black hole horizon inside it, unlike a DS [4]. Moreover, macroscopic BSs are believed
to exist in nature while microscopic DSs are considered purely mathematical abstractions.
The stability of the spinor field has been investigated in excited states [4,7,8,21,26,27], in
addition to the ground state, as well as in the states coupled with the scalar field to form
Dirac-boson stars (DBSs) [28].

Coupling of the ED field with Maxwell field to form charged DS can lead to more stable
solutions [8]. In this manner, researchers found solutions for the ground state of the rotating
charged DS [24,29].

Some other applications of the EDM gravity in presences of interaction potentials can be
followed in Refs. [22,30-37]. In all of studies above the field equations are nonlinear usually
and hence the methodologies fall into two categories are two different kinds: numerical
studies or perturbation analytical studies. To study stability situations of the obtained
solutions one usually uses systems approach (See for instance [38] or Introduction section of
Ref. [39] and as an application in the stability of boson star see [40]). In this approach, one
find linear order perturbation solutions of the fields near the critical points. Methodology
of this approach has 5 steps:

a All higher order derivatives of the field equations are called with new fields such that all
equations reach to first order differential equations in phase space. Dimensions of such
a phase space are number of first order derivative of the fields which we can consider
that they are components of a vector field in assumed phase space. In that case in
vector field representation we can write

N =222 B, (1)

in the phase space. If Fis independent of the parameter ¢t which we assume here is
the time then, the equation (1) is called as autonomous but if not be, then it is called
as non-autonomous. Usually non-autonomous kind reaches to chaotic systems where
stable critical points are attractor or absorber chaotic system [41].

b The second step is determination of the critical points which are obtained by solving the

equation A=o.

¢ The third step is linear making of the equation (1). This is done by calculating the Jacobi
matrix

. OF

J) = ¢

b 0A,

J leritical point

(2)
at the critical points.

d After to have numeric form of the Jacobi matrix (2) then, we apply to solve the following
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set of linear order differential equations instead of (1).

CdN N
A= =>_JIA;. (3)

j=1

e To investigate which of the obtained linear order solutions of the equation (3) are stable,
we must determine sign of eigenvalues s of the Jacobi matrix (2) by solving its secular
equation det{.J] — s67} = 0. There are two different cases for numeric values of the
eigenvalues. If they are real, then the system is stable, if all real roots have negative
sign, but the system is quasi stable, if some of roots have negative sign and some
others have positive sign. In the case, where the roots of the secular equation give us
some complex numeric values for the eigenvalues, then, the system will be spiral stable
(see figure 1(d)) if real part of these complex numeric eigenvalues be negative but the
system will be quasi-spiral stable when some of real parts of the complex eigenvalues
have negative and some other have positive sign. The system under consideration will
be unstable if all real roots of secular equation have positive sign or when they are
complex numeric, then all real parts of them have positive sign.

Our motivation in this work is to use the dynamic system approach above to investigate

stability conditions of a Dirac star defined by a non-minimal interacting EDM gravity model
[42]. Importance of such a gravity model is outlined below, which was applied previously to
describe cosmos. Layout of the paper is as follows:
In section 2, we define the gravity model, and give out the equations of the fields. Also
we define particular choice of the Dirac matrices which make hermitian the Dirac Hamilton
operator. This is very important to separate radial and angular parts of the Dirac fields
versus the spherical harmonic eigenfunctions. In sections 3, we set all Einstein, Maxwell and
the Dirac field equations for a spherically symmetric static metric background. In subsection
3.1, we notify the charge conjugation operator. In subsection 3.2, we give out radial part of
the Dirac fields. Section 4 denotes to nonzero components of stress tensor of the fields and
use them to generate field equations of the system under consideration in Section 5. In the
latter section we find some suitable formulas for the energy density and directional pressure
of the Dirac star. Also we make eight-dimensional phase space of the system with eight first
order differential equations by according the description which is given in the introduction
section for the dynamical system approach. Also we obtain Jacobi matrix, critical points
and eigenvalues of the Jacobi matrix. In subsection 5.1, we solve just one choice of four kind
possible solutions of the Dirac equation, i.e., the spinor have up spin. In Subsection 5.2, we
estimate the radius of the obtained Dirac star versus the interaction coupling constant of
the action functional. The final section of the paper is dedicated to concluding remarks and
outlook of the work.

2 The gravity model

Let us call the exotic modified EM gravity given by [42] and add the Dirac spinor action
functional in which total action is now

R 1 ., . . .
I= /d4x\/§ |:167T + ZFWF“ +aF,, R F" + BV b — mybih) + At (4)

With 8 = 0 = n, this model proposed firstly by Turner to investigate cosmic magnetic field
effects on cosmic inflation where conformal symmetry breaking and gauge symmetry break-
ing cause to be dominant the cosmic magnetic field energy density versus the usual vacuum
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Stability regime of the Dirac statr versus A=1,2.3,-+; s<0 Energy density fluctuation of the Dirac star in ground state j= %, with8, =1
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Figure 1: (a) Permissible values for eigenvalues in stable state of the Dirac star. Negative values of the
eigenvalues s < 0 for each of quantized states A = 1,2,3,4--- describe stable state of the system , (b)
Variation of energy density difference vs radial coordinate. There are two different branches of the solutions
which describe decreasing density which diverge to infinite value at center 7 — —oo of the star. (c¢) Source
(unstable) nature in phase space. (d) Sink (stable) nature in phase space. The arrow diagrams show that
the system is in quasi stable state.
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(unknown) dark energy density. This comes from the exotic non-minimal directional inter-
action o term. While the ordinary Einstein Maxwell gauge invariant gravity theory is not
a suitable model to do so. According to this motivation, we encouraged to use this model
to study the effects of exotic directional coupling interaction part between gravity and the
electromagnetic field in formation and stability of a fermionic star in this work.

In the above action functional the interaction parameter between the gravity and the elec-
tromagnetic fields a has dimension of (length)? in the geometric units ¢ = G = 1, and
other interaction parameters § and n between the Dirac fermions and the gravity and the
electromagnetic fields are dimensionless.. The mass of Dirac particles m, has an inverse
length dimension and the vector potential is dimensionless field. The Dirac spinors have
dimensions of (length)~'/2. In the above action the electric current density j* defined in
terms of the Direct versus the Dirac spinor % and corresponding adjoint spinor

’(/) = '(/)T(_iﬁ/t% (5)
and its electric charge g. such that
3" = gy, (6)

where we use the convention of reference [43] to define the adjoint spinor form above, but in
more common usage, the imaginary unit ‘¢‘ is suppressed by changing the Dirac y-matrices
as v* — iy*. In the latter case, we must use the convention given in [43] again, for repre-
sentation of the Dirac y-matrices which in the flat Minkowski spacetime with a Cartesian
coordinates system are

. J )
i°:i<<1> OI):""3®I, ifzi(?ﬂ %)Z‘“@?U? (7)

(01 - (3h) o

and j = 1,2,3 or x,y, z respectively and ¢’ are Pauli matrices such that

() (L) (B ) e

It is obvious that the difference between (7) and -- matrices represented in field theory
books is only the factor of ‘t‘. As we see below, usage of the above representation makes
that the Dirac Hamiltonian operator to be hermitian and so will be commutes with others
such as angular momentum and spin-orbit coupling operator. This is very important to make
separable the radial part with angular part of the Dirac field in the spherically symmetric
space time. As we see at below that the angular part of the Dirac field by regarding the choice
(7) will be can be expressed in terms of the spherical harmonic eigenfunctions. In the above
action functional, g is the absolute value of the determinant of the metric field g,,,,. The non-
minimal susceptibility tensor [44] and in extended version can be defined by the Reimann
and Weyl tensors. Ry, (R) is Ricci tensor (scalar). The § parameter is coupling constant
between the Dirac field and the gravity g,,. v* is Dirac y-matrix in curved spacetime. my
is mass parameter for the Dirac particles. The n parameter is coupling constant between the
electromagnetic vector potential A, and the four electric current density j*. Substituting
the Dirac equation of motion (25) one can show that j# satisfies the covariant conservation

in which
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condition V,j* = 0. Hence by keeping 8 = 7 it is convenient to move the last 7 term of the
action functional (4) into the covariant derivative V, such that

Du =V,+ iQeAu = 8p + iQeAu =T, (10)
in which T, is spinor connection [45-48]

1_,.
Fu = _Z waabuy (11)

and the spin connection wgp,, is defined by

Wabp = nacwcbu = eaﬁvﬂebﬂ = gﬁaeaﬁvﬂebﬂ7

wabu = _eby(aueal/ - FAuyea)\)' (12)

The spin connection is antisymmetric with respect to the two Minkowski indices a and b,
ie.,
Wabpy = —Whap, Waap = 0. (13)

The vierbein fields or tetrads e ! relate the metric tensor field in Minkowski space-time to
the metric tensor field in curved space-time, such that [49]

Nab = €'y’ Guvs  Guw = €,€", Tab, (14)

where, the indices a and b correspond to Minkowski space-time, and the indices p and v
correspond to curved space-time. By considering D,, instead of V,, the electromagnetic part
of the action functional (4) remains unchanged because

FHV = D#AV — DVA# = V#Ay - VVA/J, = ap.Al/ - 8I/A,uv (]‘5)

where the last equality is valid just for torsion free Riemannian geometries. Thus we do
not consider the last n term in the action functional (4), when we calculate equation of
motion of the fields in what follows but we must regard D, instead of V, in the Dirac
equations of motion. In the above equation 4* is y-matrix in the flat Minkowski space
Nap = diag(—1,+1,+1,+1) defined in the Cartesian coordinates, and it relates to the -
matrix in curved space through the vierbein

uv = eaueaw Tab = eauebﬂu (16)
such that
,y,u, — ea/J.;ya’ (17)
and so
{47 =2¢", {3%7"} = 20", (18)

where {x,y} = zy + yx is the anti-commutator. Varying the action functional (4) with
respect to the metric tensor field g"*, the Einstein metric field equation is found as follows.

G = 8Ti0t = 8n(TEM + 0@, + BTL), (19)

where )
Gp,u = R,u,l/ - Eg,u,uRa (20)
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is the Einstein tensor defined by the Ricci tensor R, and the Ricci scalar R = g""R,,,,

!

EM _
T, = 3

1
FuoFy +F5VF5 - igleDéﬁFaB ) (21)

is traceless electromagnetic Maxwell fields stress tensor,

V.7, n V. 11, n gl“,A’
2 2 2

Ouv = Ppy + Vi, —

Q= VEREWFW’

qr _ Va5
! V9
Ol = F™F,,,
I, = Q5 — Qs
— 3
A=9o) -V QZE’ (22)
is gravity-photon interaction stress tensor and
, 1 - _ _ _
T/E/Wac = 71[11)7[1,Dl/¢ + ¢%D;ﬂ/) - (D;ﬂ/))%ﬁ) - (Dlﬂ/})’ﬂtw]a (23)
is the Dirac spinor matter field stress tensor in which
Db = 0,0 + (ige A, — T )0,  Dyth = 8,0 + (ige Ay +T,,)1. (24)

Also, by varying the action functional (4) with respect to the adjoint Dirac field 1) and
the Electromagnetic Maxwell tensor field F),, we obtain corresponding equations of motion
respectively such that

YWD —mytp =0, (25)
and }
V,FH = 284", (26)

where we define modified anti-symmetric Maxwell tensor field as
Frv = Fr —2a (RUF™ — REF™) (27)
and for arbitrary anti-symmetric tensor O*" defined in torsion free curved spacetimes, we

have 5
oW
V0" = uv5O™) (28)
N
After presenting the gravity model under consideration, we set the dynamical equations for
a spherically symmetric static curved line element in the subsequent section.

3 Spherical Dirac spinors

We consider a general form of spherically symmetric static curved spacetime whose line
element is given by

ds? = —e2UM g2 4 2V gp2 4 2 (d6? + sin® Bdp?), (29)
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where the spacetime can be foliated by time-independent spatial hypersurfaces ¥;. Induced
metric -y;; on ¥; and the future directed, timelike normal unit vector field n* to X, are [50]

Vi = diag(ezv(r), 7,,27 7,,2 sin2 9)’ nt = (eiU(T), O, O, 0) (30)

Because of intrinsic spin property of a single Dirac fermion, the spherically symmetric prop-
erty cannot be preserved in the Dirac spinors . In other words, since the spin of a fermion
has an intrinsic orientation in space, a system consisting of a single Dirac particle cannot be
spherically symmetric. To have spherical spinors two different approaches are presented in
the scientific literature (see [43] and references therein). The first (old) approach is based on
the first quantization approach, i.e., the relativistic quantum mechanics which is in accord
with the Finster et al works where the authors consider two fermions having opposite spin (a
singlet spinor state) [51]. To realize the latter picture (twin up/down fermion model), they
considered the electromagnetic interaction with them in ref. [52]. To see other extensions of
this approach, i.e., time dependent curved spacetimes and so on, one can follow papers given
by [43], but the second approach considers the quantum field theory perspective (the second
quantization) which is applicable even if we have a single Dirac field. This is presented by
Ben Kain who is author of the work [43]. He preserved spherical symmetry by focusing on
excitations of the vacuum with zeroth total angular momentum. In his construction, static
spherically symmetric self-gravitating configurations of spin-1/2 particles in quantum field
theory include the presence and expectation value of stress tensor operator for a population
of identical quantum particles treated as a fermionic matter source in the Einstein metric
equation. In our work, we adopt this latter approach our studies about stability condition of
a fermion-electromagnetic-spherically symmetric static stellar object. To obtain exact form
of the Dirac equation (25) for the line element (29) for which (¢, 7,60, ¢) could be separa-
ble into a multiplication of four functions with ‘one‘ variable, we must first obtain explicit
forms of the Dirac matrices (17), spin connections (12) and spinor connections (11) and
other quantities versus the spherical coordinate system in curved spacetime (29). It is easy
to show that the Dirac matrices (7) can be represented in the spherical polar coordinates
system of a Minkowski space-time by the following polar transformations

5t =5°,

A" = A1 sin @ cos p + A2 sin @ sin p + 7> cos 6,

7% = 41 cos B cos p + 7% cos B sin p — 73 sin 6,

7# = —A!sin ¢ + 7% cos . (31)

At last, to have their representations in curved spacetime (29) we need tetrads or vierbein
fields of the line element (29) defined by (14). With n,, = diag(—1,+1,+1,+1) defined in
the Cartesian coordinates, the identities (14) for the line element (29) reduce to the following

vierbein field components.
el = (e_U(’"), e V), 1, ! >7

r’ rsind

€y = (V™) eV rsing), (32)

where a = {0,1,2,3} = {t,z,y,2} and p = {¢,7,0,p}. Substituting (32) into the vierbein
transformation (17) we obtain

’Yt — e—U(r);?t’ ,y'r — e—V(r);V" A=

o 1«9 p _ :?LP
T
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Using the explicit form of the Vierbein field (32) and relations (12) and (13),and some
mathematical calculations to find non-vanishing components of the spin connections (12),
one find finally, explicit form of the spinor connections (11) for the line element (29), such
that

U/
ry = 761] V’Yt’YTa
r.= 0,
1 —VN\z0zr
Lo =51 —e""5"7,
1
I, = 5(1 —e V) sin05°3",
which by using (33) read to the following scalar

V—l UI
np, =V | € — 2|5 4
YL, =e [ . 2}7 (34)

Although there is other choice of the Vierbein field (see eq. 21 and Appendix C in ref. [43])
it is not suitable for our goal in this work. That is because with the vierbein field (32),
the Dirac equation can be solved by separation of variables method in which we see next,
that its angular part is defined by spherical Harmonic Polynomials. By having the above
results we are in position to solve the Dirac equation (25) for spherical spinors. This is
done in what follows, by using the separable of variables method. To have ortho-normal
(normalized orthogonal) mode solutions of the Dirac equation we point that the line element
(29) is time-independent having a time like Killing vector field £ = (1,0, 0,0). The existence
of such a vector field generates coordinate independent positive (negative) frequency Dirac
mode solutions x4 (x—) [45,46,53] such that we have

E"OuxE = 0y = Fiwx{, (35)
for real positive w and orthogonality condition
X oxg) = ,x¢) =0, (36)

where j and ¢ denote to symbols of different quantum numbers and ( , ) denotes to inner
product of two mode solutions on the spatial hypersurface ¥; as

(1, ) / @y Jdet (g )i = / @y [det(yiy ) (37)

In the above relation j# = iget17*1)s and da® = drdfdy and det (v;;) = e2Vr4 sin’ § with
n, are given by (30). By regarding the orthogonality conditions (36) we can now express
the series expansion form of the Dirac spinors, such that

(t,7) = Z/dwag (7 w) + be(w)xg (7 5w)], (38)

where the coefficients a;(w) and by(w) are complex numbers. When ¢ treats as operator
in quantum field theory perspective then they should describe creation and anhiliation of
quantum particles which is not our goal to consider in this paper (see [43]).
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At first step, we generate Schrodinger like form of the Dirac equation (25) for electrostatic
case, i.e., A, = Ay(r)8°, by multiplying 7' = e~Y4° from left side and by substituting (10)

and (34) such that R
i0pp = H1p, (39)
in which the Hamilton operator is
F 0y | U A -0 -V e/ =1 U ~r
H = (i7”) |[e” G+ [qAo(r)(i7") — my]I — e — 5 7 (40)
and
~0 ) .
Y0 , %05 _ eV —1)370, +7- V. (41)

G=e¢"V50,+ 12 ,
r 7 sin 6
We now study more the operator 7 - V which by substituting (7) can be written versus the

Pauli spinors, such that
(42)

ﬂ O i3V
. ) |
7 (—z’5~V 0 )

in which O is two dimensional zero matrix. From quantum field theory we have relation

between the spin operator and Pauli spinors & as
i

S=—, 43

d (43)

for two component spinors and

L 3
S = X
S(39) w(52) we(58)
for four component spinors, which in the Dirac representation of gamma matrices (7) reads
5 = —7'5%5%, (45)
However, with this, we can write &'ﬁﬁ = %S_" V or in
7-d)(d-b)=d-b=1id-dxb

where we use A = 1 = ¢ units
momentum operator format ¢-V = 2iS - p. Using the identity (¢ - @)

—

(7@ 1)@ D)

for every arbitrary vectors @ and b the equation & - V reads

G-V =iG p= }
.
-7 R
:z(rz)[r p+id - (Fxp)]
GV ) (46)

in which
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is the well known spin-orbit angular momentum coupling operator. With this result one can
infer that the operator (42) reads

e K O id-n\ _ K\. .

Substituting the above result into the operator of G we can write explicit form of the
Hamilton operator (40) as

N -V _ ]_ _ U _ }%’ U/
H= [eUVé)T Ll - € ) eVZ}V +qAo(r)(i3°) —myl,  (49)

where we use the identity 7 - n = 4". We clime that the above Hamiltonian operator is
Hermitian, i.e., HT = H, because the following operators are Hermitian.

(3 =3 (HI=4 GOt=4, K=K, I'=1I, (50)

which can be checked easily by using (7). This study shows that the operators iy, H , J 2,
J, and K commute with one another and so they have a simultaneous eigenfunctions, i.e.,
the tensor-spherical harmonics given by (57). In the latter case we can write

1049 = w,
Hy = wy,
Ky = ki,
T = (G + 1),
Jop =mj, (51)
where
1
3—2,
l:0’172737 )
.. 135
j_ _2a2725
. . . 3 113 . . .
m]:m€+mS:_Ja_(]_1)7_(]_2)7_57_§7§a§7]_2aj_17j
_ 11
Ms =795
my=—b,—L+1,---—2,-1,0,1,2,---¢ (52)

and k is eigenvalues of the operator K such that

ni(j,é)j<j+;)€<£+;>;<1+;>, (53)

are corresponding eigenvalues and K_ and K, denote to two different coupling states be-

tween the spin S and the orbital angular momentum L respectively as j =/ —% and j =/ —&—%
respectively with exact quantum values
3

1
H,:—j—iz—(l—i—)\); €=j+§
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1 1
=j—=—=4A=-1); L=j—-. 4
me=jmy=t+O-1; L=j- 3 (54)
In the above quantum numbers we have A = j + % =1,2,3, - . Defining the Dirac spinor
versus separable of variables two components spinors as
¢1 (T’, 0, SD) > —iwt ( 5(7’)14(97 90) ) —iwt
t,r,0,0) = = , 55
str00) = () )e (nBO.g) )° (%)
) ) : ( A6, ) )
= k+(4,0 , 56
) :I:(J ) B(Q, <,0) ( )

€6

(A,
(50
where A(6,¢) and B(6, ) can take on both of these coupling states and so we can write

them versus the spherical Harmonic eigenfunctions as
Ve (0,0) = V753 (0,0) = & LETr&ﬂr%)ﬂ”‘“%(e (!
=¥ P = = 2+1 ¢ P o
[CFme+ 3 metd 0
—=Y, " 2(0 .

Thus, for two dimensional spinors ¢ 2 we must choose two different states such that
(58)

bre = Ex(MVIET(0,0),  ox = CL()VITE(0, ),

and so four dimensional Dirac spinors will be
+_ [ 9 —_( b1 59
V- <¢2)’ Ve <¢2+>' (59)
Furthermore, the operator
. cosf  sinfe LT
7 _O.n_(sinﬁew —cos® )’ = (60)
commute with the operator K (see [43]) and by according to proof which is given in [54] we
have
N iF3
oY=V (61)

2 are same eigenfunctions of the both operators 4" and K. However

This means that yg'i
we can use (59) to write

o &
o
V=i ( 5 0
Before determining explicit form of the radial parts of the Dirac spinors, we should discuss
important property of eigenfunctions of anti-fermions which are generated from fermion

j+1
SN

e—iwt:i £ e—iwt. (62)
) ( INAL )

JTs

) ( L (r)Vite
CHF(T)ye

eigenfunctions via charge conjugation operator.



Dirac Stars Stability and Modified Einstein-Dirac-Maxwell Gravity 19

3.1 Charge Conjugation

In the quantum field theories in curved space, concept of charge conjugation is accepted to
be same as one which is in flat space quantum field theory. By regarding the convention (5),
it is given by [43]

P =AU, (63)
where C = i3'4¥ is charge conjugation operator and ¢ is Dirac wave function of anti-fermion
for each fermion v with complex conjugate 1*. There is proven both of ©¢ and ¢ satisfy the
Dirac equation of motion in absence and also in presence of the electromagnetic fields but
with opposite sign of charge (see for instance [43]).It is easy to check that (3¥)* = 4¥ for
which (63) can be rewritten as (1)°)* = 4¥1. This means that by having exact form of the
Dirac waves for fermions we in fact can generate corresponding Dirac waves for ani-fermions
via (¢©)* = A¥y. Now, we investigate radial parts of the Dirac waves, i.e., u(r) and v(r)
given by (55).

3.2 Radial dependent part of the Dirac spinors

Substituting (55), into the Schrodinger like of Dirac equation (39) and by regarding the
identities (49), (58), (59) and (62) we find two coupled ordinary differential equations for
radial part of the Dirac field in which spherical Harmonic functions drop from two sides of
the equations, such that

(w =+ qAo(r) + my)és = [(1 — 67‘/: nee’) %/e*" — eV, | (i¢+)
_ =V U /
(1—e r+ rxe”) — %efv - eUV&.] € = (w+ qAo(r) —my)(ils). (64)

Adding side by side of the above equations we obtain suitable forms of the equations such
that

(1—eV—1-XeY U _ v d 1 « K
r( : T ¢ Vi_eV Vﬂi(‘*’*q/lo(r)) X1 =myxa ' (65)

for kp = A —1and

[1—eV —(1+X)e” ze—v v-vd

_ . e = )X = mad T (69)
for k. = —(A + 1) respectively where we defined new spinors
XiT = ErHiCe, XoT =& — s (67)

These equations can be solved to present explicit form of the functions £(r) and ¢(r) if the
Maxwell field Ag(r) and the metric fields U(r) and V(r) are known. Thus we should find
explicit form of the Einstein equations and the Maxwell equations. Then, we solve them
together. To have right side of the metric equation (19) we need explicit form of the stress
tensors (21), (22) and (23). After some mathematical calculations they are found as follows
respectively.

4 Stress tensors

In this section, we try to find stress tensor components of the Dirac field and the Maxwell
field for spherically symmetric static Dirac star.
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4.1 Dirac star stress tensor

Although straightforward way to find explicit form of the Dirac field stress tensor for the
line element (29) is substitution of the obtained results above into the stress tensor (23) and
these calculations are very long and tedious, fortunately there are details in scientific papers
for instance [55]. At a first step, we rewrite ¢; 2 given by the Dirac spinor (59) versus their
two components with the following ansatz

Jts Y i it3
y]:t% :< 7f(r)yé 1 >7 yj:FE :< Zg(?ﬂ)ye 1 )7 68
gﬁ:(’r) l :sz(’]")ygqié <:F(T) l :Fg(’]")y'zj?? ( )

for which we can find

3 . i3
T yj:F% _ (g_ f)yg o > 7 ¥ iF3 _ ( _(g“!‘f)yg_ ) > . 69
X1 (1), < +i(f +g)yzi§ X3 (1)Y, Li(f —g)ygii (69)

The particular choice (68) causes that the static solutions of the Dirac star is satisfied because
the associated flux of particles, momentum density and density current of particles vanish
and so the stress tensor (23) is time independent (see [55]). With this setting, non-vanishing
of the Dirac field stress tensor components are

(IPe)t = eV (fg — ol + 2 (12— ) =we V(7 + o),

e A VS )
(TDirac)g _ (TDirac)g — %7 (70)

where equivalency identity for time-time component of stress tensor is proven in the ref.
[65]. Furthermore the four current density of Dirac particles is obtained versus the particle
density as

i* = appy,  pp =Wy =2(f* + g%), (71)
where the orthogonality condition on the spherical Harmonic eigenfunctions is applied. In
the next subsection we calculate non-vanishing components of the Maxwell stress tensor and
the Maxwell field equation.

4.2 Spherical Maxwell field stress tensor

We will now determine explicit form of the Maxwell field for the line element (29). It is easy
to show that for A, = Ag(r)d;, the Maxwell equation (26) reads

" "

w VUV 3U _3V’2+4U’V/ U'?

Vs mty — — ot v
’ ’ E' ! ! ’
_U/U/l_3Ulv2+2le2+U/3+E(V_ Q _U//_UQ_Ulvl>
T r
e2V (E! 9 4ﬁqe2(U+V)
_4()6(E+7"_V,_U/_E(f2+g2)>, (72)

where with E(r) = gA{(r), the four current density is substituted by (71). The Maxwell
stress tensor (21) and (22) read

6_2(U+V)E2
TttE]VI = T:EM = 4 )
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e—2(U+V) 2
TGGEM = T:;EM -4 (73)

4.3 Interaction stress tensor

By some mathematical calculation and regarding the above results for the line element (29)
we find components of the interaction stress tensor as follows.

1
9% — —E2€_2U_4V |:U/l + (U/ _ V/)(U/ + ):|7

T
e, = E2e2<U+V>{U;I + % — % —U? 20V + 3U1;El + % -V,
+3V’E’+2V’_E7’2_27E’+i
E r E2 rE 12
— 6*2‘/ |:Ul/ + U/2 4 3U, + K/ _ U/v/:| },
r T
U/ V/
0 =0) = —E2e 21 (;f) (74)

4.4 Einstein tensor

To solve the field equations, we need the non-vanishing Einstein tensor components for the
line element (29) which can be calculated straightforwardly as follows

1 2V 1
Gie ke (L)

72 roor2
- 1 _ov 20’ 1
GT = 772 — € (7’ + 72>,
v U
GY = Gﬁ = e—2V(V’U’ —UP U+ - ) (75)
r T

Composing the results above we now investigate the analytic solution of the fields.

5 Spherical setting of the field equations

By having the previous results for stress tensors and field equations described for the spher-
ically symmetric static curved line element (29), we are ready now to solve them syn-
chronously. The Dirac field equations given by (65) and (66) reduce to the following forms
by substituting (69):

/ V-U -U \4 /
—e U4+ (A—1 U
L _¢ € ( ) — e U (my +w+ qu(r))eV*U,
f r 2
VU e U (A=1)eY U _
% _ g A=De” SV (my —w = gdo(r)e’ (76)

for k4 and

= — —e U = (my +w+qAo(r)e’ Y,
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eV U et U A+ 1)V U _
% . ( ) —?e UJr(mw—w—qu(r))eV v (77)

for k_ respectively. The total stress tensor components in right hand side of the Einstein
metric field equation (19) are obtained by substituting (70), (73) and (74), such that

pE(r) =T} g + Of + B(TP7) = Bwe™ Y (f + %)

Eze_iw{l —4ae™?V [U” + (U =V") (U’ + i)} } (78)
is the total energy density function and
po(r) = T oy + @7 + BIP7), — 5V (g — o)+ e
+ af2e2U+Y) {U;/ + V?” — Efﬁ —U? V7?20V + SU];EI
3V'E'  E? 22U 2V 2FE 1
E _ﬁ—'_ r + r _TE+7‘2:|
— aE?e~(RUH4Y) [U" + U2 -U'V' + 3(7{/ + ‘:], (79)
is the radial pressure function and
pe(r) = T§ par +a©f + BTP7);
= @ - @ {1 + doe?V (Uljfv/ﬂ , (80)

is the transverse pressure function. To have the Einstein metric equation components given
by (19) we substitute (75), (78), (79) and (80) into it such that

1 €2V 62(U+V) 2vl (1 + €2V) 60J€U+4V
U'=w -uHU + = —_— I _ 2 2
( )( * 7’) " Ia T Brak? ( r 72 ) 8rak? (F"+9),
(81)
2E" 1 2 4aU'E" 44U’
1_22V " "o - - = 2/2 4/ r =
( e“NU"+Vv 15 5 2 +2U0" +4U0'V i -

+2V"2 —

6V'E’ B 4V’ n 2FE"? N 47E'
FE r E? rE

/ ! 2044V
+2¢2Y (U’2 UV + UL Y ) <

+ r ) 8mar?E?
2WU+Y) o 1 Be2U+3V

+ Srak? aF?

(fg' = f'9),  (82)

r

and

/ / 2V / /
g =ty —pr s LU 8TBI9eT o e -au {1 + dae?V (U +V )} (83)
T T T T

We are ready to solve the Maxwell equation (72), the Dirac equations (76), (77), and three
components of the Einstein field equations (81), (82) and (83). They are six equations
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which should give us five un-known fields U, V| E, f, g. In fact one of these equations are a
constraint condition between the solutions. This clime is because of the energy momentum
conservation V,T# = 0 or equivalently the Bianchi identity V,G% = 0 which relates three
components of the Einstein tensors to each other. Usually the stress energy conservation of
a stellar fluid is called as Tolman-Oppenheimer-Volkoff (TOV) which for the line element
(29) leads

2 2
p;—U’pE+<U’+T)pr—ft=07 (84)

in which total energy density pgr and directional pressures p,, should be substituted by
(78) and (79) and (80). This equation can be solved if there are relations between the
energy density and the directional pressures. For all of relativistic isotropic stars in which
pr = pt = p, the equation of state is polytropic such that p(p) = Kp? for which the constant
K is called barotropic index and v = g—“j In this, C'p and Cy are heat capacity at constant
pressure and at constant volume respectively. However we do not investigate to solve the
TOV equation above as in our previous work [57], but we take advantage of the fact that
the components of the momentum energy are related to each other in a similar way to the
components of the Einstein tensor via the Bianchi identity, and hence one of the equations
of motion is a constraint, and we will leave aside one of them in the following.

It is obvious that the field equations above are nonlinear and so we have two different
methods ahead to find their solutions, i.e., (a) numerical method and (b) perturbation
method. We choose (b) method in what follows. To do this, we separate two different
classes of solutions corresponding with ky = A—1 and k_ = —(A+1), but each of the latter
cases have two different solutions of the field if the fermions and anti-fermions have spin
up or spin down. Thus at all, the physical state of such a Dirac spherically symmetric star
will determined with four different classes of solutions. In this paper, we investigate one of
these situations and other cases are dedicated for our future works. The case, which we like
to solve the field equations at below, is for fermions/antifermions stellar matter which have
spin up only. This restrict us to choose f # 0 with a ansatz trivial solution g = 0 for the
Dirac equation (76).

5.1 Solutions of the fields for K, =A—1,f #0,g=0

In this case to find U,V, f, E we need 4 differential equations which we choose (72), (76),
(81), and (82). It is useful we use other equations instead of (81), and (82) by substituting
U” given by and (83). In that case, (82) reads

2E// 1 2 ! ! ! !
V//_ :_7_7+3U/V/+3U/27+2V/2_ﬂ_£+462V u
E 200 12 r r r
! ! E/ 4 2E/
+2nE%e 2V (1 — ) [1 + 4ae™?Y (UJ;V)] + T <r + i
2AUHV) [ 1 — 2V
6V AU )+ | 85
> t Srab? |y r2 | (85)
and (81) reduces to the following constraint condition.
2U / !
2 —2V € 14 2 oy U
|:87TO¢E e + 47raE2} . + 8raFE<e -
1 eV T1+4¢?
— +2E? — — 22V =0. 86
+ 4o e 8raF? [ r2 +owfe (86)
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Substituting V" and U” given by (85) and (83), the Maxwell equations (72) reads

! ! 12 AU’V 2
U/”:KQ_%+U/3+2V/U/2—3U'V'2—U7+ uv _3V
T T r , .
1 1 4y’ -2V
+(+U/>{—2+W+27TE26_2U(6_2V—1)[1
T o r
V'+U' B
* 4%”(?)} — 2V +U) [v' +U + E]
62(U+V) 1 oV o’ 1 E (V! U’ B .
+4770¢E?L«2_e <r+r2>]}+E<7«_7~_U —UV)
CVIE 2 g el
+4a[E+r_V_U+E2} (87)

Thus we will use the equations (85), (86), (87) together with the Dirac equation (76) to
study formation of a Dirac star in what follows. To do this, we use the dynamical system
approach which is mentioned in the introduction section.

At a first step, we collect set of dimensionless first order differential equations generated
from the field equations (76),(85), (86) and (87). Hence, to have some simpler forms for
the field equations, we define a dimensionless logarithmic radial variable 7 and some new
dimensionless fields as follows.

0

d e w
r:\/&e‘r’ 7:.7 f:77 ‘D:ia
dr V/ 327 Bgan/a 32mqy/a
m=va(my +w), I(r)=+agqdy, V8rmaE=¢‘, o= 8q , (88)
T
in that case the equation (76) reduces to the following form
U v_ v v V_(m T+V-U
0+ J¢ =e —e "4+ (A=1e" —(m+1e , (89)
with
Il = oe (90)
The equation (85) reads
.. 27T .. . . . . . .
V —2¢=2¢+ 4 — 2 — 7+3UV+3U?+2V2 —4V = 3U +4(U 4+ V)e*"
e2(e+‘r—U) . . . .
— - AN+ 4e2UHD(U 4 V)] — 66V — 4éU
+[1 420 — e2V)e2UHV =9, (91)

The equation (86) is
U+ [1 + 2e2UH+V =201 = ge2(U-2e42V4547) | 2(U=2e42V)
62(T+V—2€) B 62(7'—5+V)
4 4 ’

+ 62(U+V—25) _

and finally for the Maxwell equation (87) we find

U—-30=-30+V+U?+2VU?-30V? -U?+40V — 3V
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— "1+ U) (e 2V = D)1 +4e 20NV 4+ 1))

— 20+ U)U+V)U+V +¢

+2(1 4+ UV =N — 2V (1 4+ 20)| +&(V - U - U? - UV)
62(7'+U)

T

[€+2—V — U+ 2rtU+VHi—e) (93)

Before to generate eight dimensional phase space of the system under consideration and
whose first order differential equations, we make two very important conditions to simplify
the above equations and then proceed to form eight differential equations in phase space as
follows:

o It is obvious that the above equations are non-autonomous and coefficients of some of
the equations above diverges to infinity because at 7 — oo corresponds to r >>> \/a.
Thus we consider solutions of the above equations just at small scales r << /& for
which 7 — —o0. In the latter case all coefficients of the equations above containing
the exponential factor e” vanish and so the equations are autonomous.

« In fact, linear order of the fields equation are applicable in the Jacobian of the Eq. (1)
in the dynamical system approach and higher order perturbation terms are negligible.

Regarding the above two important rules have some useful beneficial consequences. The
length of the equations suppress without to omitted physical contents of the problem. If
we have possibly stable Dirac stars then, they have a finite size and so we must solve
the above complicated nonlinear equations in the limits 7 — —oo or equivalently at small
scales r << y/a. Thus we continue our investigations by regarding the above two rules by
substituting the perturbation series functions

eV~ 14U+, N1+ V4, vl et (94)

into the above equations. In that case, the equation (89) reduces to the following form.

5+%zA—1+AV. (95)
The equation (90) reaches to the following form.
I~ o+ e (96)
The equation (91) is

V =2~ —2+ 26+ 4+ 3UV +3U° +2V2 + 3U +4V + 120V
+8VV — 66V — 4éU — 2V +4UU — 4UV — 4V? 4 4Ve. (97)
The equation (92) reads
U4V ~24+4U + 6V — 8e, (98)
and finally the equation (93) takes the following form.

U —30 ~ —7U — 3V — U —4U?V — 5U0V? —6U? — 5V? —2U¢ — 2V¢é
—2U?% — 2U%V — 2UVé —20VU — AVU? — 8V U + 8€U
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—8UVU — 8V2U + 8VeU — 16V2U? — 16UVU? + 16V eU>. (99)

By according to the dynamical system approach given by the eq. (1) we make eight dimen-
sional phase space describing the vector field

A ={ILe,V6,U,V,X,Y, Z}, (100)

in which X,Y, Z are assumed to be

X=3U-3U+V, Y=V-2, X=3Z, (101)

and find first order differential equations for each of these fields via (95), (96), (97), (98),
(99) and (101). By using (95), (98), and (101) we find

X 19V 33U Y

=T T g etk
. u Vv X
§=AV-—Z+——Z4xr-1
2+6 6-1— )
. Vv X
U=U-—+=
3 + 3’
. X 1
V:—§+%+3U—86+2. (102)

First order differential equations for Y and Z are obtained via (102) and (101), such that
Y = G7(€7Ua‘/7X7Y)
Gr =4 —60€® +4(-2+ 10U + 11V —2X —6Y) e

+U +(8—4V+6X+11Y)U+T

(64X +165Y + 169V X*  (4-Y)X

+ 9 9 3 +5Y (103)
Z = Gg(e,U,V,X,Y)
Gs = —30 + 216 + 2Y — 2X — 160V — 114U — %V%U + %Vxe
- ?UVXQ - %UXY - %UQVX - %v%x + %UX&
+ ?Vﬁ X2 - %XUV + %U‘/e +16VeU? — gXeY + gVeY

4 14 1
—8UeY +2VXY — %U V2X 4+ gUVY + §6v36 + 3440U%¢

2 2
—2V2Y +4U%Y — 128X €2 + 128V €2 — 384U €% + gv X2+ GOU X2

724 56 1264 754 80
—7X 2_7X 2 —eV= P 2 i 3
5 Vv 3 U 5 Uv 3 VU? + 9UV
16 5 ., 5 16 50 32 . 40 ., 1792_, 2
- —U*V?-1 — VX2 OV - X% 0 XYy
3U 66UV 9V + 9 9 € 9 V6+3
16 316 1 112
+ §VY +6UY —8Y — 18U X — 149U2 — TVX — §X2 + TXG

1627 1616
+496U¢ — TV2 — 384> + TVe — 376UV
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698
9

32 16
+ g VeUX + V3 —76U3 — gv‘*. (104)
We now can use the above mathematical calculations to show the vector field in phase space
(100) with the differential equation (1), such that

11 o+ o€

€ —%+%+%—§—46+1

) WS+ ¥ X411
L A i (105)
ar |V [ %X+ 189V 13U —8e +2

X 37

Y Gr(e,U,V, X,Y)

Z

GS(Ea Uv‘/aX7 Y)

There are two class of critical points in phase space which are obtained by solving the
equations

M=0=¢=0=U=V=X=Y=72, (106)
such that
M. (c=0)=0
€e=(—A+1EVAZ+2X-1)/2)
0. = arbitrary
- U,=(—1+£2/22 12X —1)/2)
Pr: A= V.= —(A—1)/A , (107)
Xe=—2A=5L£6VAZ+2X—1)/2)\
Y.=0
Z.=0
in which
1
/\:j+§:172,3,4~-~. (108)

Calculating the Jacobi matrix components at the critical points above is straightforward via
Jij = 9Ai such that

i = oA,
00 0 0 0 0 00
P %1 16791 7% —3 00
00 -3 A+t -1 0 0o
+ | 00 1 -+ ¥ 0 00
Ti=l s 0 03 ¥ Lo oo | (109)
0o 0 0 0 0 0 30
Jn 0 Jis Ju  Jis -1 0 0
24 0 Jgg J84 J85 0 0 0
in which
i+ _ EVATF2A T 416) - 56
1 A )
S EWVTF T 14A £ 30
73 )

A
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L 265 I8AF5VAZ+2X — 1)

1 = 3\ ’

Ji::i4MA2+2AA— —6A+2

& 3\ ’
Ji:jA@AfDMV+QA71+MZf%A

83 )\2 )
JE +4 (=20 + 1) VAZ 42X — 1 — 702 4 20\

84 32 ’

+4(=2X 4+ 1) VAZ +2) — 1 — 702 + 20\

JE = e . (110)

We now can find eigenvalues of the Jacobi matrix above by solving the secular equation
det(J;; — sd;5) = 0, such that

7 5 7 4
s (283 + §s4 —4s% + 685 + 5 — §)‘83 —4Xs — st — 3)\s2> =0, (111)

for both of JZ% with the following parametric solutions.

S1 S9 S3 Sa S5 Sg S7 S8 (112)
0] 01| 0 |4iv/3| —iv3] AN | BN +iC(\) | B(\) —iC(\)
where we defined
193 + 108\ — 7g3 + g3
A= T s
18¢3
BA_,W3+1%A+1%5
3693
C____Vﬁﬂ1934-108A-—g%)
3693
g = 2754\ — 1855 + 181/ —3888A3 + 256512 — 68784\ — 11568. (113)

Numeric values of the above parametric eigenvalues are determined by substituting the
quantized numbers A = 1,2,3,4,--- . When the eigenvalues are absolutely real negative
(positive) numbers then the system is stable(unstable) but when they are complex numbers
with negative (positive) real part then the system will be spiral stable(unstable) nature in
phase space. Therefore appropriate to identify the stable regimes of the A parameter by
solving the secular equation (111) versus s parameter, such that

(65 +7s—8) s
A= 7 114
6s +8 ’ (114)
which its diagram in the figure (1(a)) shows stable regimes (s < 0). For the Jacobi matrix
(110) the equation (1) reads to the following set of differential equations.

=0,

3 19 1 1
_ 35,19, 1, 1.
€ 25+6U 6V 5%

: ) 1 Vv
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u Vv
U=06-—
3 + EX
19 1
V=3+=U-2=V,
+ 3 3
X =3v,
Y = Jg30 + J7aU + J75V — X
Z = Jg30 + JsaU + Jg5V, (115)

where the first equation shows that II should be constant field which we used the critical value
IT, = 0. We show stability nature of the system with arrow diagrams of the fields equations
in phase space in 1(c) and 1(d). We know from linear algebra theory that solutions of the
equation (1) near the critical points are obtained as

8
= JEMeT, (116)
j=1

in which AJ are components of the critical point (107) and s; are eight eigenvalues are given
by (112) and the Jacobi matrix J;; should be substituted by (109). One can follow this to
find explicit form of the vector field solution (116) as follows:

II(7) =0,
1 (ReA)T
e(1) = 350 + w cos V3T — # cos(ImAT),

6 = constant,

U(T) =~ 0, +(V3 )COS\[T

7(19[]0 —Ve) cos V3T,

V(7) = 34,

) :

X(r) =0,

Y (1) = Jz36c + (J7aUe + J75V2) cos V31 — X, efteAr cos(ImAT),

Z(1) = Jg30e + (JsaUe + JssVe) cos V3T, (117)

where we suppress higher order multiplications of the solutions which make second or higher
order harmonics of the cosine functions and also we drop imaginary parts of the solutions
above because their amplitude are negligible with respect to real parts. other reason which
make to drop the imaginary parts is because that all physical fields for instance energy
density and pressures should be real. In other words, the above solutions are leading order
perturbations solutions around the critical points. Also in the above solutions ReA and
ImA are real and imaginary parts of the parameter of A given by (113).

It is suitable to find explicit form of the energy density and directional pressures fluctua-
tions near the critical points solutions above. They are found by substituting the obtained
solutions (117) straightforwardly such that

0pr = 8na(pr — peE) ~ 653(2% — 70U.)e %7 sin V3T,

5pr = 87roz(pr - prc) ~ w 72T[\/§Sln \f’/" + cos \[T]
X

+ {e(REA_Q)T[l + (ReA)? 4+ (ImA)?] cos(ImAT)
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X (ImA
+ MB(R”F”T sin(ImAr),
5I7t - 87Ta(pt - ptc) ~ 6\/§Uc€727— Sin \/g’T, (118)

in which we defined critical energy density and directional critical pressures as follows.

A+ 167@(1 F VA2 +2X3 — 1)

1 _
8Tapp. ~ 1 + 8miw(1 4 26.) +

4\ ’
23X FHVA+20 -1
8Tap,. ~ ,
4\
2—4NE3VAZ+20 -1
8rapt. = 1 + . (119)
We notify that for A =1,2,3,--- the parameter A is a complex number. For instance for a
Dirac star in the ground state A = 1 corresponding with j = %, S = %, ¢ =0 we have
Ay—; = 1.3+8.8 x107%, (120)
for which the numeric values of the critical points components are
Im.=0
ef = :&:§
o, = constant
PEA=1): AN=1)= vt (121)
=
_ 3F6V2
X, = 3E0V2
Y. =0
Z.=0

Substituting these numeric values into the solutions above we obtain exact form of the
decreasing functions for energy density and the directional pressures, such that

70v3(1 2)42
57k ~ we—w sinv/3r.
1 2
0Pt ~ $4\[e_27[\/§ sin v/37 + cos V/37]
8.1(1F2v2
n ( 1: \f)e—o.%
0P ~ 3V3(—1 4 V2)e ¥ sin V3T, (122)

cos(8.8 x 10767),

with critical values

1
T, = STaps, ~ 3 + 470 (3 + 46, T V2),

23 F 5v/2
P, = 8rapE ~ %f’
—2+3V2

[)?[C = Sﬁapi ~ (123)

4

We plot diagrams of the density and the pressures (123) in Figure 1(b) and Figures 2(a)
and 2(b) respectively. Diagrams of the pressures and density show that the Dirac star under
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consideration does not have a surface with determined single radius same as Newtonian stars
but the pressures suppress at infinity 7 — oco. This motivates that we evaluate an average
radius of such a cloud matter as a compact star. This is done at below determine the scale
Dirac star.

5.2 Size of the Dirac stars

One may ask a question about the size of such a Dirac relativistic star. Usually, Newton
stars or neutron stars have sharp surface with finite radius which separates inside and outside
of the star region. It is determined by setting p(R) = 0 = p,(R) but for boson and
fermion stars which have not sharp radius R their density and radial pressure suppress
asymptotically to vanish at infinite distance [56] same as figures 1(b) and 2(a) and 2(b) in
this work. Such matter distributions have estimated radius which can be calculated from
the following equations

1
<R >= ) /rdr3\/§jt, (124)
where

Q=- / dr®Jait, (125)

is the Noether charge and j* is time component of conserved density current (6). In fact,
it originates from internal U(1) gauge symmetry as ¢ — eX1) with constant gauge field
X- In other words, in the model with un-gauged U(1) symmetry, the Noether charge @
is interpreted as the number of fermion-boson particles with mass m, that make up the
fermion-boson star. To calculate estimated radius of the obtained relativistic Dirac star
(124), we substitute the obtained solution above into the relation (124) such that

o0 Ar+U+V 426

<R>_ffood7_e7—+ +V+

N foo dre3T+U+V 426
—00

oo 47+8U, cos V3T
= dre

- foo d7-637'+8UC cos V3T
—oco

B fooo dr cosh(47)e8Ve cos Var
B fooo dr cosh(37)e8Ue cos V37

(126)

in which U(7),V(7),0(r) are substituted by (117). The above integral equations have not
analytic solutions and we must solve numerically by considering with ultraviolet/infrared
cutoff length scales instead of the lower bound zero and upper bound infinity of the integral
equations. But we consider two approximations to evaluate the above integral equations in

8U. cos V31

what follows. I) we replace average of the function e because that remains finite

at 0 < 7 < oo such that
8Uc 4 o—8U.
2

8U. cos V37 — = cosh(8U.,), (127)

in which we used maximum and minimum values of the cosine function for 0 < 7 < co. In
this limit, cosh(8U,) drops from numerator and denominator of the fraction and so (126)
reduces to the following form

<R> _ [y drcosh(4r)
N Jo* drcosh(37)’

(128)
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Figure 2: (a) Variation of radial pressure difference vs the radial coordinate. This shows that central
pressure diverges to negative infinity but at large distances it vanishes for both of branches of the solutions
(b) Variation of transverse pressure difference vs the radial coordinate, where central value diverge to positive
infinity and suppresses to zero value at large distance. (c) Equation of state for radial pressure shows both
of branches of the solutions have both dark invisible and visible behavior for the star. (d) Equation of state
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for transverse pressure behaves as barotropic behavior in both branches of the solutions.
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IT) in the second step we use transformations 47 = ¢ and 37 = ¢ in the numerator and in
the denominator respectively, for which limit values of the integrals given by (128) drops
again from numerator and denominator such that, one can infer that

<R> 3

T T (129)

In the following we apply to summary of the work and description of the theoretical results.

6 Summary and outlook

We used non-minimally coupled Einstein-Dirac-Maxwell gravity model to study the forma-
tion and stability of a Dirac fermionic spherically symmetric static star. We find that the
interaction parameter between the gravity and the electromagnetic fields in presence of the
Dirac fields plays essential role in the formation and stabilization and size of a fermionic
Dirac star. In fact for imaginary frequencies (not shown) the Dirac spinor waves suppress in
time and so the fermionic matter of this kind of Dirac star decay which means that the star
is unstable. In this work, we just extract the positive real frequencies of the Dirac waves
and find some permissable eigenvalues of the total angular momentum of the Dirac spinors
where the star remain stable. Mathematical derivations show quasi-spiral stable of the ob-
tained solutions in phase space, because some of the eigenvalues of the Jacobi matrix are
zero and some of them are complex whose real parts are negative. Hence to have stability
more for such a Dirac star we must choose other kinds of the interaction terms. Recently
we investigate stability of a Boson star in presence of the Coleman-Weinberg potential which
is applicable in the cosmic inflation [57]. Further, more researchers show that boson fermion
relativistic stars (see for instance [58], [59] and references therein) may be stable more in
which bosons and fermions participate just in gravitational interactions and such a stellar
objects can be suitable candidates for dark stars instead of central black holes of the galaxies.
This encourages us to extent this work by considering a boson-fermion interacting matter
in presence of alternative potentials.
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