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Abstract. Recent studies show that two completely distinct fields as quantum in-
formation and string theory realization can be related and share some of the same
properties. So, the knowledge on quantum information of some special quantum sys-
tems provides new insights on the sting theory. We analytically study geometric discord
and measurement induced nonlocality for a Horodeckis’ 3⊗ 3 bound entangled state to
find quantum correlation. We find that there is a simultaneous sudden change point
in the geometric discord and the measurement-induced nonlocality in the region of
the bound entangled states, which is considerable. Moreover, we investigate the lower
bound of geometric discord and the upper bound of measurement-induced nonlocality
for this system. This study leads to some new and interesting novel results as well.
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1 Introduction

The relationship between black hole entropy in string theory and the quantum correlation
of qubits and qutrits in quantum information theory has been considered a lot. Also, it is
shown that the entanglement measure of two qutrits is related to the entropy of the 9-charge
black hole of D = 5 supergravity [1, 2].

The theory of hidden variables and locality satisfy Bell inequalities, but the quantum
mechanics violates these inequalities [3–7]. The violation of Bell inequalities shows that the
quantum mechanics is a nonlocal theory [8]. There are different ways to quantify nonlocality
reasonably. Luo and Fu introduced that it can be quantified by measurement induced
nonlocality [9].

Every quantum measurement changes the state of a physical system generally. Moreover,
if a local measurement is performed on one part of a multipartite system, this measurement
may change the state of that part and also entire system. But Lu and Fu defined a special
measurement so that it does not change the state of the subsystem which is measured [9].
They quantify nonlocality in the physical system by determining the maximal distance of
multipartite system before and after these measurements. This distance is called ”measure-
ment induced nonlocality”.

Correlations play an outstanding role in multipartite systems. One way to study the
quantum correlations is the geometric measure of quantum discord. It defines as minimal
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distance between a given state and a classical state [10,12].

In quantum information theory, projective measurement of a system is represented by a
complete orthonormal set of states {|r〉}, the measurement operator corresponding to that
set becomes {|r〉〈r|} and they are known as a projection valued measure (PVM). These
orthogonal measurement operators are Hermitian. The number of PVM operators is equal
to the dimension of the Hilbert space of the system. Positive operator valued measure
(POVM) is a more generalized type of measurement which these measurement operators are
not necessarily orthogonal and commutative. It is considerable that the number of POVM
operators can be more than the dimension of the Hilbert space. In addition, a POVM is a
set of Hermitian positive operators that sum to the identity operator [13].

This paper organized as follows, we study geometric discord in section 2. Then, we
introduce measurement induced nonlocality in section 3. In the following, we introduce the
physical model of a two-qutrit system and then analytically examine geometric discord and
measurement induced nonlocality for that system in section 4. Finally, section 5 is devoted
for conclusions.

2 Geometric discord

The geometric discord is a measure to quantify quantum correlations in geometric perspec-
tive for every physical system [14,15]. Lu and Fu introduced geometric discord as

D(ρ) = minΠA |ρ−ΠA(ρ)||2, (1)

where ΠA = {ΠA
r′} is the POVM operators set with respect to subsystem ”A” [10, 11].

We note that for any operator, Hilbert-Schmidt norm is defined as ||O|| =
√
tr(O†O). The

Hilbert space of a bipartite system is HA⊗HB where HA (HB) is Hilbert space of subsystem
A(B), with dim(HA) = m and dim(HB) = n. L(HA) and L(HB) are the spaces that have
all linear operators on HA and HB respectively. The orthonormal bases of L(HA) and
L(HB) are the sets of Hermitian operators as Xi(i = 1, 2, ...,m2) and Yj(j = 1, 2, ..., n2)
respectively. It means that Tr(XiX

′
i = δii′). The set of Xi ⊗ Yj contains an orthonormal

base for L(HA ⊗HB). A general bipartite state in HA ⊗HB can be written [10,12]

ρ =
1

mn
1A ⊗ 1B +

m2∑
i=2

xiXi ⊗
1B√
n

+

n2∑
j=2

1A√
m
⊗ yjYj +

m2∑
i=2

n2∑
j=2

tijXi ⊗ Yj . (2)

Here Xis are defined as

X1 =
1√
m

1A, Xi =
1√
2
λi−1 : i = 2, ...,m2 (3)

and similarly Yjs are

Y1 =
1√
n

1B , Yj =
1√
2
λj−1 : j = 2, ..., n2, (4)

that {λi} and {λj} are generators of SU(m) and SU(n) respectively. The ~x and ~y vectors
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and also the T and C matrices are defined as

~x = [xi] =
1√
n

[tr(ρXi ⊗ 1B)], (5)

~y = [yj ] =
1√
m

[tr(ρ1A ⊗ Yj)],

T = [tij ] = [tr(ρXi ⊗ Yj)] and

C =

[ 1√
mn

~yt

~x T

]
.

For calculating the geometric quantum discord of Eq. (1), we should apply the POVM
operators. In general, POVM operators performed on subsystem ”A” can be displayed as
ΠA
r′ = |r′〉〈r′|, which

|r′〉 =
∑
r

Ur′r|r〉; r, r′ = 1, 2, 3. (6)

Here, Ur′r are elements of the SU(3) unitary transformation matrix. They are presented
as

U11 = cosθ1cosθ2e
iφ1 , (7)

U12 = sinθ1e
iφ2 ,

U13 = cosθ1sinθ2e
iφ3 ,

U21 = (sinθ2sinθ3 − sinθ1cosθ2cosθ3e
iφ4)e−i(φ3+φ5),

U22 = cosθ1cosθ3e
iφ2 ,

U23 = −(cosθ2sinθ3 + sinθ1sinθ2cosθ3e
iφ4)e−i(φ1+φ5),

U31 = −(sinθ1sinθ3cosθ2 + sinθ2cosθ3e
−iφ4)ei(φ1−φ2+φ5),

U32 = cosθ1sinθ3e
iφ5 and

U33 = (cosθ2cosθ3e
−iφ4 − sinθ1sinθ2sinθ3)ei(−φ2+φ3+φ5),

where 0 ≤ θk ≤ π
2 (k = 1, 2, 3) and 0 ≤ φl ≤ 2π (l = 1, 2, · · · , 5) are eight independent

parameters of SU(3) [16]. Luo and Fu showed that the geometric discord of Eq. (1) can be
redefined as follows [10]

D(ρAB) = Tr(CCt)−maxO Tr(OtOCCt). (8)

That O is a 3× 9 matrix with Or′i = TrA(ΠA
r′X

A
i ) as

O =
1√
6


√

2 0 0 O14 0 0 O17 0 0
√

2 0 0 O24 0 0 O27 0 0
√

2 0 0 O34 0 0 O37 0 0

 , (9)

where Or′4 =
√

3
(
|Ur′1|2 − |Ur′2|2

)
and Or′7 = 1− 3 |Ur′3|2.

In addition, Lu and Fu have also obtained a lower bound for geometric quantum discord
as [10,17,18]

D(ρ) ≥ Tr(CCt)−
m∑
i=1

µi =

m2∑
i=m+1

µi, (10)

where µis are eigenvalues of CCt matrix (in descending order).
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3 Measurement induced nonlocality

Lu and Fu defined the measurement induced nonlocality which is the maximum distance
between a given bipartite state before and after a local measurements which does not disturb
the local system ”A” [9]. For a general bipartite state in Eq. (2), MIN is introduced as

N(ρ) = max
ΛA
||ρ− ΛA(ρ)||2 (11)

The ΛA = {ΛAr′} is a set of local orthogonal projective operators (PVM) with summing to
the identity. For a non-degenerate ρA, the maximization is not required in Eq.(11), while
for a m-degenerate ρA any ΛAr′ can be a combination of these degenerate states generally.
To construct PVM, we could use of Eq. (6) with these extra two conditions:
1- They should be orthogonal, so these POVM operators (ΠA) go to PVM operators (ΛA).
2- These local measurements should not disturb the subsystem (e.g., ΛA(ρA) = ρA).

An equivalent definition of MIN is

N(ρAB) = Tr(TT t)−minO′ Tr(O′tO′TT t). (12)

That O′ is a 3× 8 matrix with O′r′i−1 = TrA(ΛAr′X
A
i ); i = 2, 3, · · · , 9

Moreover, an upper bound for MIN could be defined as [9, 19]

N(ρ) ≤ Tr(TT t)−
m2−1∑

i=m2−m+1

βi =
m2−m∑
i=1

βi, (13)

where βis are eigenvalues of TT t matrix (in descending order).

4 GQD and MIN for a qutrit-qutrit physical system

We assume that a qutrit-qutrit state is described by [6, 20]:

ρ =
2

7
|ψ+〉 〈ψ+|+

α

7
σ+ +

5− α
7

σ−. (14)

Here, |ψ+〉 = |11〉+|22〉+|33〉√
3

, σ+ = |12〉〈12|+|23〉〈23|+|31〉〈31|
3 and σ− = |21〉〈21|+|32〉〈32|+|13〉〈13|

3 .

This equation has simple characterization for 2 ≤ α ≤ 5 e.g., where ρ is (i) separable for
2 ≤ α ≤ 3; (ii) bound entangled for 3 < α ≤ 4 and (iii) free entangled for 4 < α ≤ 5.

After applying SU(3) generators, one can find all ~x and ~y matrices of Eq. (5) for this
physical system, which follow as

~x = 0 and ~y = 0. (15)

Also, all nonzero of T matrix will be found

t11 = −t22 = t44 = −t55 = t66 = −t77 =
2

21
(16)

t33 = t88 = − 1

42
and t38 = −t83 = −

√
3

42
(5− 2α)

By using Eqs. (5, 15, 16), the C matrix will be found, so we have

Tr(CCt) =
1

147
(2Q(α) + 27), (17)

Tr(OtOCCt) =
1

147

(
Q(α)

(
2− F1(θ1, θ2, θ3, φ4)

)
+ 19

)
.
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With

Q(α) = α2 − 5α2 + 5, (18)

F1(θ1, θ2, θ3, φ4) = −8 sin(θ1)2 cos(θ2)2 sin(θ2)2 sin(θ3)2 cos(θ3)2 cos(2φ4)

− 1

4
sin(2θ2)2(sin(2θ3)2(6 sin(θ1)2 + cos(θ1)4)− 4 sin(θ1)2 − 4 cos(θ1)4)

+
1

4
sin(θ1)(1 + sin(θ1)2) sin(4θ2) sin(4θ3) cos(φ4)

− 4(sin(θ1)2 + cos(θ1)4)(sin(θ3)2 + cos(θ3)4) + 4.

From Eq. (8) and with application of Eq. (17), the GQD can be worked out as follows

D(ρAB) = minθ1,θ2,θ3,φ4

1

147

(
8 +Q(α)F1(θ1, θ2, θ3, φ4)

)
(19)

Analytical optimization is lead to exact and considerable relation for the geometric quantum
discord as

D(ρAB) =

{
1

2352 (31α2 − 155α+ 283) 2 ≤ α < 5+
√

5
2

8
147

5+
√

5
2 ≤ α ≤ 5

(20)

This equation shows the dependence of geometric discord on the value of α parameter. It is
worth noting that numerical calculations verify this analytical expression. In addition, form
Eq. (10) the lower bound of geometric discord will be

D(ρAB) ≥

{
1

147 (2α2 − 10α+ 18) 2 ≤ α < 5+
√

5
2

8
147

5+
√

5
2 ≤ α ≤ 5

(21)

The first step to find the MIN for this system, the O′ matrix should be calculated. It is

notable that the reduced density is 3-degenerate (ρA =
1

3
IA), so in Eq. (11) optimization

process is required. The calculations show that for achieving two above conditions (POVM

goes to PVM and ΛA(ρA) = ρA ), we should choose θ1 =
π

2
or θ2 =

π

2
or θ3 =

π

2
in Eq. (7).

So, the O′ matrix will be found and now by using Eqs. (16), we have

Tr(TT t) =
1

441
(6Q(α) + 32), (22)

Tr(O′tO′TT t) =
1

441

(
Q(α)

(
6− 3

2
F2(θ2, θ3, φ4)

)
+ 8

)
.

Where

F2(θ2, θ3, φ4) = − sin(2θ3)2 sin(2θ2)2 cos(2φ4) + (−3 sin(2θ3)2 + 2) sin(2θ2)2 (23)

+ sin(4θ2) sin(4θ3) cos(φ4) + 2 sin(2θ3)2,

by replacing Eq. (22) in Eq. (12), the MIN can be calculated as

N(ρAB) = maxθ2,θ3,φ4

1

294

(
16 +Q(α)F2(θ2, θ3, φ4)

)
. (24)
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With a complicated optimization process, the MIN can be described by the following formula

N(ρAB) =

{
8

147 2 ≤ α < 5+
√

5
2

1
147 (α2 − 5α+ 13) 5+

√
5

2 ≤ α ≤ 5
(25)

We note that, this analytical expression is in agreement with the result of numerical calcu-
lations. Also, upper bound for MIN from Eq. (13) could be obtained as

N(ρAB) ≤

{
8

147 2 ≤ α < 5+
√

5
2

1
441 (2α2 − 10α+ 18) 5+

√
5

2 ≤ α ≤ 5
(26)

5 Conclusions

In this paper, we studied the case of qutrit-qutrit system where the density operator of this
system depends on α parameter and we novelty demonstrated that without entanglement,
there is the MIN and also the geometric discord. This is an obvious fact that one can observe
in Fig. (1). In our physical system, the geometric discord and also MIN are never zero.

The lower bound of the geometric discord and upper bound of MIN are demonstrated in
Fig. (1) accompanied with their exact analytical values. The behavior of exact geometric
discord and lower bound of it are the same, and this behavior could been seen also for MIN.

It is worth noting that MIN has a non-zero constant value in the separable states region
and a part of the bound entangled states region. However, in these regions the geometric

discord is variable and non-zero, as Fig. (1) shows. In the point of α = 5+
√

5
2 (that this point

is in the bound entanglement region), there is a sudden change in the geometric discord and
the MIN. After this sudden change point, the geometric discord has a non-zero constant
value with respect to the α parameter, while the MIN increases with an increase in this
parameter.

As we mentioned analytically in previous section, when the geometric discord is a function
of the α parameter, the MIN is constant and vice-versa. Physical interpretation of this
happening is an open question. Another point that should be considered is the increasing
behavior of the MIN in free entangled region.

a. b.

Figure 1: a: Geometric discord and lower bound geometric discord b: MIN and upper bound of MIN
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