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Abstract. In this paper, we calculate the relativistic bulk tensor and shear tensor
of the relativistic accretion flows in the Kerr metric, overall and without any approx-
imation. We obtain the relations of all components of the relativistic bulk and shear
tensor in terms of components of four-velocity and its derivatives, Christoffel symbols
and metric components in the BLF. Then, these components are derived in the equa-
torial plane. To see the behavior of the relativistic bulk tensor and shear tensor in the
relativistic accretion disks around the rotating black holes, we introduce a radial form
for the radial component of the four-velocity in the LNRF; therefore, all components of
the bulk and shear tensor are derived in the BLF. Figures of non-zero components of
the bulk tensor and shear tensor are shown for some states. We use the radial model to
study the importance and influence of the relativistic bulk tensor in the accretion disks
around the rotating black holes. Also, we see that in some cases bulk tensor may be
important and comparable with the shear tensor. Especially, we see that bulk tensor
in the inner radii is more important.

Keywords: relativistic viscosity, relativistic bulk tensor, relativistic shear tensor, rela-
tivistic shear stress viscosity, black holes accretion disks, relativistic flows.

1 Introduction

The accretion disks around the rotating black holes are studied by some scholars. Because of
strong gravity of black holes, the relativistic method must be used. An important parameter
for the energy distribution is shear stress viscosity. Abramowicz et al. [1] used a standard
and nonrelativistic form for viscosity to study ADAFs around the Kerr metric. Peitz & Appl
[11] calculated the rϕ component of the shear tensor to study the transonic viscous accretion
disks in the Kerr metric. Gammie & Popham [5] studied the thin ADAF disks around the
Kerr black holes and they calculated the shear tensor by using the non-relativistic and
relativistic casual viscosity. Takahashi [12] study the stationary hydrodynamic equations of
the three states of the accretion disks around the Kerr black holes with calculating non-
relativistic and relativistic causal viscosity. Moeen et al. [9] calculated two components of
the shear tensor by introducing a zero radial component for the four-velocity; then, they
solved the equations of the optically thin, steady state, accretion disks around the Kerr
black holes analytically. Moeen [8] calculated the bulk and shear tensor for accretion disks
around the non-rotating black holes with introducing a simple model for radial velocity and
shows that bulk viscosity in those disks may be important.

It is not clear that how the shear stress viscosity affects the relativistic accretion flows.
Shear stress viscosity includes two types of viscosity which are bulk and shear viscosity. In
Mihalas and Mihalas [6] the relations of all non-relativistic components of shear and bulk
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tensor with velocity are calculated. Also, in the non-relativistic study, Narayan and Yi
[10] have used these components to consider the axisymmetric, steady-state accretion flow
around the central mass. In this paper, we derive the general relations of relativistic shear
stress viscosity of the stationary, axisymmetric, accretion flows in the Kerr metric. So, we
try to derive some explicit and useful form for the components of bulk and shear tensor.

Metric, units and reference frames are explained in section 2. The relativistic bulk tensor
is derived in section 3. All components of the relativistic shear tensor are acquired in section
4. The components of shear and bulk tensor in the equatorial plane are calculated in section
5. In section 6, we introduce a radial model for the radial component of the four-velocity in
the LNRF. Then, the other components of the four-velocity in the BLF are derived. Also,
the time dilation is used to checking the radial model. Components of the shear and bulk
tensors for different values of parameter n are calculated in section 7 and figures of those
components are in this section. Influence of the bulk tensor, summary and conclusion are
seen in section 8.

2 Metric, units, and reference frames

2.1 Background metric and units

For background geometry around the rotating black hole, we use the Kerr metric in the
Boyer-Lindquist coordinate.

ds2 = gαβdx
αdxβ , (1)

where α, β = r, θ and ϕ. We use m = GM/c2, Σ = r2 + a2 cos2 θ, ∆ = r2 − 2Mr + a2 and
A = Σ∆+2mr(r2+a2), where G is the gravitational constant, M is the black hole mass, c is
the speed of light and J is the angular momentum of the black hole (a = Jc/GM2,−1 < a <
1). Therefore, the components of metric, gαβ , and its inverse, gαβ in the Boyer-Lindquist
coordinate are given as [9]

gtt = −(1− 2mr

Σ
), grr =

Σ

∆
, gθθ = Σ,

gϕϕ =
Asin2θ

Σ
, gtϕ = gϕt = −2marsin2θ

Σ
, (2)

gtt = −(
A

∆Σ
), grr =

∆

Σ
, gθθ =

1

Σ
,

gϕϕ =
1

∆sin2θ
(1− 2mr

Σ
), gtϕ = gϕt = −2mar

Σ∆
. (3)

For units similar to [5], we use G = M = c = 1. This scaling will be used in all calculation,
so all figures will be shown versus dimensionless parameter r/m

2.2 Reference frames

In this paper, two reference frames are used; the Boyer-Lindquist reference frame and the
locally non-rotating reference frame. In the most calculation, we use the Boyer-Lindquist
reference frame (BLF) based on the Boyer-Lindquist coordinates of the Kerr metric. The
locally non-rotating reference frame (LNRF) which is formed by observers with a future-
directed unit vector orthogonal to t = constant. In the Boyer-Lindquist coordinate, the
locally non-rotating reference frame LNRF observer is moving with the angular velocity of
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frame dragging (ω = −gtϕ/gϕϕ = 2mar
A ). We use the hat for the physical quantities measured

in the LNRF such as uµ̂ and uµ̂. The transformation matrixes between the LNRF and the
BLF are shown in Appendix A.

3 Relativistic bulk tensor

In the relativistic Navier-Stokes flow, the relativistic bulk viscosity is written as [7]:

Bµν = −ζbµν , (4)

where ζ is the coefficient of the bulk viscosity and the bulk tensor bµν is as follows

bµν = Θhµν . (5)

The projection tensor (hµν) and the expansion of the fluid world line (Θ) can be obtained
from the following form [8]

hµν = gµν + uµuν ,

Θ = uγ
;γ =

∂uγ

∂xγ
+ Γν

γνu
γ , (6)

where uµ is the four velocity and uµ is the covariant four velocity. hµν is the symmetric
tensor because the metric is symmetric, i.e. gµν = gνµ; also, Θ is symmetric (it is a scalar
or a tensor of rank zero), so the bulk tensor bµν is symmetric.

Since we study the stationary axisymmetric accretion flow, ∂
∂r and ∂

∂θ are non-zero partial
derivatives. So, the expansion of fluid world line in the Kerr metric can be obtained from
following form

Θ =
∂uγ

∂xγ
+ ur(Γt

tr + Γr
rr + Γθ

θr + Γϕ
ϕr). (7)

So we have

Θ =
∂ut

∂t
+

∂ur

∂r
+

∂uθ

∂θ
+

∂uϕ

∂ϕ
+ ur(Γt

tr + Γr
rr + Γθ

θr + Γϕ
ϕr)

=
∂ur

∂r
+

∂uθ

∂θ
+ ur(Γt

tr + Γr
rr + Γθ

θr + Γϕ
ϕr). (8)

The radial component of the four-velocity which we call radial velocity and the azimuthal
component of four velocity are important components in the bulk tensor. So, we can calculate
all components of bulk tensor in the Kerr metric as

btt = Θhtt = Θ(gtt + (ut)2), brr = Θhrr = Θ(grr + (ur)2), bθθ = Θhθθ = Θ(gθθ + (uθ)2),

bϕϕ = Θhϕϕ = Θ(gϕϕ + (uϕ)2), btr = brt = Θhrt = Θurut, btθ = bθt = Θhtθ = Θutuθ,

btϕ = bϕt = Θhtϕ = Θ(gtϕ + utuϕ), brθ = bθr = Θhrθ = Θuruθ, brϕ = bϕr = Θhrϕ = Θuruϕ,

bθϕ = bϕθ = Θhθϕ = Θuθuϕ. (9)

4 Relativistic shear tensor

In the relativistic Navier-Stokes flow, the relativistic shear viscosity (Sµν) is given as follows
[7]

Sµν = −2λσµν , (10)
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where λ is the coefficient of the dynamic viscosity; also, the shear tensor (σµν) of the fluid
is written as

σµν = gµαgνβσαβ . (11)

In this relation, the shear rate, σαβ is introduced as [12]

σαβ =
1

2
(uα;γh

γ
β + uβ;γh

γ
α)−

1

3
Θhµν =

1

2
(uµ;ν + uν;µ + aµuν + aνuµ)−

1

3
Θhµν , (12)

where aµ = uµ;γu
γ is the four acceleration. The shear rate σαβ is symmetric because the

expressions uµ;ν + uν;µ + aµuν + aνuµ and hµν are symmetric. Therefore, the form of the
shear tensor will be as follows

σµν = gµαgνβ
(
1

2
(uα;γh

γ
β + uβ;γh

γ
α)−

1

3
Θhµν

)
=

1

2
(uµ

;γh
γν + uν

;γh
γµ)− 1

3
Θhµν

=
1

2
[(uµ

,γ + Γµ
γλu

λ)hγν + (uν
,γ + Γν

γλu
λ)hγµ]− 1

3
Θhµν . (13)

All components of the relativistic shear tensor are calculated as

σtt = (ut
,r + Γt

rtu
t + Γt

rru
r + Γt

rϕu
ϕ)hrt + (Γt

ttu
t + Γt

tru
r + Γt

tϕu
ϕ)htt + (ut

,θ + Γt
θtu

t + Γt
θru

r

+Γt
θϕu

ϕ)htθ + (Γt
ϕtu

t + Γt
ϕru

r + Γt
ϕϕu

ϕ)htϕ − 1

3
Θhtt,

σtr = σrt =
1

2
[(ut

,r + Γt
rtu

t + Γt
rru

r + Γt
rϕu

ϕ)hrr + (Γt
ttu

t + Γt
tru

r + Γt
tϕu

ϕ)hrt + (ut
,θ + Γt

θtu
t

+Γt
θru

r + Γt
θϕu

ϕ)hθr + (Γt
ϕtu

t + Γt
ϕru

r + Γt
ϕϕu

ϕ)hrϕ + (ur
,r + Γr

rtu
t + Γr

rru
r + Γr

rϕu
ϕ)hrt

+(Γr
ttu

t + Γr
tru

r + Γr
tϕu

ϕ)htt + (ur
,θ + Γr

tθu
t + Γr

rθu
r + Γr

ϕθu
ϕ)hθt + (Γr

ϕtu
t + Γr

ϕru
r

+Γr
ϕϕu

ϕ)htϕ]− 1

3
Θhrt,

σtθ = σθt =
1

2
[(ut

,r + Γt
rtu

t + Γt
rru

r + Γt
rϕu

ϕ)hrθ + (Γt
ttu

t + Γt
tru

r + Γt
tϕu

ϕ)htθ + (ut
,θ + Γt

θtu
t

+Γt
θru

r + Γt
θϕu

ϕ)hθθ + (Γt
ϕtu

t + Γt
ϕru

r + Γt
ϕϕu

ϕ)hθϕ + (uθ
,r + Γθ

rtu
t + Γθ

rru
r + Γθ

rϕu
ϕ)hrt

+(uθ
,θ + Γθ

θtu
t + Γθ

θru
r + Γθ

θϕu
ϕ)hθt + (Γθ

ttu
t + Γθ

tru
r + Γθ

tϕu
ϕ)htt + (Γθ

ϕtu
t + Γθ

ϕru
r

+Γθ
ϕϕu

ϕ)htϕ]− 1

3
Θhtθ,

σtϕ = σϕt =
1

2
[(ut

,r + Γt
rtu

t + Γt
rru

r + Γt
rϕu

ϕ)hrϕ + (Γt
ttu

t + Γt
tru

r + Γt
tϕu

ϕ)htϕ + (ut
,θ + Γt

θtu
t

+Γt
θru

r + Γt
θϕu

ϕ)hθϕ + (Γt
ϕtu

t + Γt
ϕru

r + Γt
ϕϕu

ϕ)hϕϕ + (uϕ
,r + Γϕ

rtu
t + Γϕ

rru
r + Γϕ

rϕu
ϕ)hrt

+(uϕ
,θ + Γϕ

θtu
t + Γϕ

θru
r + Γϕ

θϕu
ϕ)hθt + (Γϕ

ttu
t + Γϕ

tru
r + Γϕ

tϕu
ϕ)htt + (Γϕ

ϕtu
t + Γϕ

ϕru
r

+Γϕ
ϕϕu

ϕ)htϕ]− 1

3
Θhtϕ,

σrr = (ur
,r + Γr

rtu
t + Γr

rru
r + Γr

rϕu
ϕ)hrr + (Γr

ttu
t + Γr

tru
r + Γr

tϕu
ϕ)hrt + (ur

,θ + Γr
θtu

t + Γr
θru

r

+Γr
θϕu

ϕ)hθr + (Γr
ϕtu

t + Γr
ϕru

r + Γr
ϕϕu

ϕ)hrϕ − 1

3
Θhrr,

σrθ = σθr =
1

2
[(ur

,r + Γr
rtu

t + Γr
rru

r + Γr
rϕu

ϕ)hrθ + (Γr
ttu

t + Γr
tru

r + Γr
tϕu

ϕ)htθ + (ur
,θ + Γr

θtu
t

+Γr
θru

r + Γr
θϕu

ϕ)hθθ + (Γr
ϕtu

t + Γr
ϕru

r + Γr
ϕϕu

ϕ)hθϕ + (uθ
,r + Γθ

rtu
t + Γθ

rru
r + Γθ

rϕu
ϕ)hrr

+(Γθ
ttu

t + Γθ
tru

r + Γθ
tϕu

ϕ)hrt + (uθ
,θ + Γθ

θtu
t + Γθ

θru
r + Γθ

θϕu
ϕ)hθr + (Γθ

ϕtu
t + Γθ

ϕru
r
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+Γθ
ϕϕu

ϕ)hrϕ]− 1

3
Θhrθ,

σrϕ = σϕr =
1

2
[(ur

,r + Γr
rtu

t + Γr
rru

r + Γr
rϕu

ϕ)hrϕ + (Γr
ttu

t + Γr
tru

r + Γr
tϕu

ϕ)htϕ + (ur
,θ + Γr

θtu
t

+Γr
θru

r + Γr
θϕu

ϕ)hθϕ + (Γr
ϕtu

t + Γr
ϕru

r + Γr
ϕϕu

ϕ)hϕϕ + (uϕ
,r + Γϕ

rtu
t + Γϕ

rru
r + Γϕ

rϕu
ϕ)hrr

+(Γϕ
ttu

t + Γϕ
tru

r + Γϕ
tϕu

ϕ)hrt + (uϕ
,θ + Γϕ

θtu
t + Γϕ

θru
r + Γϕ

θϕu
ϕ)hθr + (Γϕ

ϕtu
t + Γϕ

ϕru
r

+Γϕ
ϕϕu

ϕ)hrϕ]− 1

3
Θhrϕ,

σθθ = (uθ
,r + Γθ

rtu
t + Γθ

rru
r + Γθ

rϕu
ϕ)hrθ + (Γθ

ttu
t + Γθ

tru
r + Γθ

tϕu
ϕ)htθ + (Γθ

ϕtu
t + Γθ

ϕru
r

+Γθ
ϕϕu

ϕ)hθϕ + (uθ
,θ + Γθ

θtu
t + Γθ

θru
r + Γθ

θϕu
ϕ)hθθ − 1

3
Θhθθ,

σθϕ = σϕθ =
1

2
[(uθ

,r + Γθ
rtu

t + Γθ
rru

r + Γθ
rϕu

ϕ)hrϕ + (Γθ
ttu

t + Γθ
tru

r + Γθ
tϕu

ϕ)htϕ + (uθ
,θ + Γθ

θtu
t

+Γθ
θru

r + Γθ
θϕu

ϕ)hθϕ + (Γθ
ϕtu

t + Γθ
ϕru

r + Γθ
ϕϕu

ϕ)hϕϕ + (uϕ
,r + Γϕ

rtu
t + Γϕ

rru
r + Γϕ

rϕu
ϕ)hθr

+(Γϕ
ttu

t + Γϕ
tru

r + Γϕ
tϕu

ϕ)hθt + (uϕ
,θ + Γϕ

θtu
t + Γϕ

θru
r + Γϕ

θϕu
ϕ)hθθ + (Γϕ

ϕtu
t + Γϕ

ϕru
r

+Γϕ
ϕϕu

ϕ)hθϕ]− 1

3
Θhθϕ,

σϕϕ = (uϕ
,r + Γϕ

rtu
t + Γϕ

rru
r + Γϕ

rϕu
ϕ)hrϕ + (Γϕ

ttu
t + Γϕ

tru
r + Γϕ

tϕu
ϕ)htϕ + (uϕ

,θ + Γϕ
θtu

t + Γϕ
θru

r

+Γϕ
θϕu

ϕ)hθϕ + (Γϕ
ϕtu

t + Γϕ
ϕru

r + Γϕ
ϕϕu

ϕ)hϕϕ − 1

3
Θhϕϕ. (14)

By using the Christoffel symbols of Appendix B, we obtain

σtt = (ut
,r + Γt

rtu
t + Γt

rϕu
ϕ)hrt + Γt

tru
rhtt + (ut

,θ + Γt
θtu

t + Γt
θϕu

ϕ)htθ + Γt
ϕru

rhtϕ − 1

3
Θhtt,

σtr = σrt =
1

2
[(ut

,r + Γt
rtu

t + Γt
rϕu

ϕ)hrr + Γt
tru

rhrt + (ut
,θ + Γt

θtu
t + Γt

θϕu
ϕ)hθr + Γt

ϕru
rhrϕ

+(ur
,r + Γr

rru
r)hrt + (Γr

ttu
t + Γr

tϕu
ϕ)htt + (ur

,θ + Γr
rθu

r)hθt + (Γr
ϕtu

t + Γr
ϕϕu

ϕ)htϕ]− 1

3
Θhrt

σtθ = σθt =
1

2
[(ut

,r + Γt
rtu

t + Γt
rϕu

ϕ)hrθ + Γt
tru

rhtθ + (ut
,θ + Γt

θtu
t + Γt

θϕu
ϕ)hθθ + Γt

ϕru
rhθϕ

+(uθ
,r + Γθ

rru
r)hrt + (uθ

,θ + Γθ
θru

r)hθt + (Γθ
ttu

t + Γθ
tϕu

ϕ)htt + (Γθ
ϕtu

t + Γθ
ϕϕu

ϕ)htϕ]− 1

3
Θhtθ,

σtϕ = σϕt =
1

2
[(ut

,r + Γt
rtu

t + Γt
rϕu

ϕ)hrϕ + Γt
tru

rhtϕ + (ut
,θ + Γt

θtu
t + Γt

θϕu
ϕ)hθϕ + Γt

ϕru
rhϕϕ

+(uϕ
,r + Γϕ

rtu
t + Γϕ

rϕu
ϕ)hrt + (uϕ

,θ + Γϕ
θtu

t + Γϕ
θϕu

ϕ)hθt + Γϕ
tru

rhtt + Γϕ
ϕru

rhtϕ]− 1

3
Θhtϕ,

σrr = (ur
,r + Γr

rru
r)hrr + (Γr

ttu
t + Γr

tϕu
ϕ)hrt + (ur

,θ + Γr
θru

r)hθr + (Γr
ϕtu

t + Γr
ϕϕu

ϕ)hrϕ − 1

3
Θhrr,

σrθ = σθr =
1

2
[(ur

,r + Γr
rru

r)hrθ + (Γr
ttu

t + Γr
tϕu

ϕ)htθ + (ur
,θ + Γr

θru
r)hθθ + (Γr

ϕtu
t + Γr

ϕϕu
ϕ)hθϕ

+(uθ
,r + Γθ

rru
r)hrr + (Γθ

ttu
t + Γθ

tϕu
ϕ)hrt + (uθ

,θ + Γθ
θru

r)hθr + (Γθ
ϕtu

t + Γθ
ϕϕu

ϕ)hrϕ]− 1

3
Θhrθ,

σrϕ = σϕr =
1

2
[(ur

,r + Γr
rru

r)hrϕ + (Γr
ttu

t + Γr
tϕu

ϕ)htϕ + (ur
,θ + Γr

θru
r)hθϕ + (Γr

ϕtu
t + Γr

ϕϕu
ϕ)hϕϕ

+(uϕ
,r + Γϕ

rtu
t + Γϕ

rϕu
ϕ)hrr + Γϕ

tru
rhrt + (uϕ

,θ + Γϕ
θtu

t + Γϕ
θϕu

ϕ)hθr + Γϕ
ϕru

rhrϕ]− 1

3
Θhrϕ,

σθθ = (uθ
,r + Γθ

rru
r)hrθ + (Γθ

ttu
t + Γθ

tϕu
ϕ)htθ + (Γθ

ϕtu
t + Γθ

ϕϕu
ϕ)hθϕ + (uθ

,θ + Γθ
θru

r)hθθ − 1

3
Θhθθ,



210 Mahboobe Moeen Moghaddas

σθϕ = σϕθ =
1

2
[(uθ

,r + Γθ
rru

r)hrϕ + (Γθ
ttu

t + Γθ
tϕu

ϕ)htϕ + (uθ
,θ + Γθ

θru
r)hθϕ + (Γθ

ϕtu
t + Γθ

ϕϕu
ϕ)hϕϕ

+(uϕ
,r + Γϕ

rtu
t + Γϕ

rϕu
ϕ)hθr + Γϕ

tru
rhθt + (uϕ

,θ + Γϕ
θtu

t + Γϕ
θϕu

ϕ)hθθ + Γϕ
ϕru

rhθϕ]− 1

3
Θhθϕ,

σϕϕ = (uϕ
,r + Γϕ

rtu
t + Γϕ

rϕu
ϕ)hrϕ + Γϕ

tru
rhtϕ + (uϕ

,θ + Γϕ
θtu

t + Γϕ
θϕu

ϕ)hθϕ + Γϕ
ϕru

rhϕϕ − 1

3
Θhϕϕ.

(15)

5 Bulk and shear tensor in the equatorial plane

In this section, we calculate the components of bulk and shear tensor of relativistic accretion
flow in the Kerr metric and in the equatorial plane θ = π

2 ; so, we assume uθ = 0. Then, we
have

btt = (ur
,r +

2ur

r
)(gtt + (ut)2), btr = brt = (ur

,r +
2ur

r
)urut,

btϕ = bϕt = (ur
,r +

2ur

r
)(gtϕ + utuϕ), brr = (ur

,r +
2ur

r
)(grr + (ur)2),

brϕ = bϕr = (ur
,r +

2ur

r
)uruϕ, bθθ = (ur

,r +
2ur

r
)gθθ, bϕϕ = (ur

,r +
2ur

r
)(gϕϕ + (uϕ)2).

(16)

σtt = (ut
,r + Γt

rtu
t + Γt

rϕu
ϕ)hrt + Γt

tru
rutur + Γt

ϕru
rhtϕ − 1

3
(ur

,r +
2ur

r
)htt,

σtr = σrt =
1

2
[(ut

,r + Γt
rtu

t + Γt
rϕu

ϕ)hrr + Γt
tru

rutur + Γt
ϕru

ruruϕ + (ur
,r + Γr

rru
r)utur

+(Γr
ttu

t + Γr
tϕu

ϕ)htt + (Γr
ϕtu

t + Γr
ϕϕu

ϕ)htϕ]− 1

3
(ur

,r +
2ur

r
)utur,

σtϕ = σϕt =
1

2
[(ut

,r + Γt
rtu

t + Γt
rϕu

ϕ)uruϕ + Γt
tru

rhtϕ + Γt
ϕru

rhϕϕ + (uϕ
,r + Γϕ

rtu
t + Γϕ

rϕu
ϕ)utur

+Γϕ
tru

rhtt + Γϕ
ϕru

rhtϕ]− 1

3
(ur

,r +
2ur

r
)htϕ,

σrr = (ur
,r + Γr

rru
r)hrr + (Γr

ttu
t + Γr

tϕu
ϕ)utur + (Γr

ϕtu
t + Γr

ϕϕu
ϕ)uruϕ − 1

3
(ur

,r +
2ur

r
)hrr,

σrϕ = σϕr =
1

2
[(ur

,r + Γr
rru

r)uruϕ + (Γr
ttu

t + Γr
tϕu

ϕ)htϕ + (Γr
ϕtu

t + Γr
ϕϕu

ϕ)hϕϕ

+(uϕ
,r + Γϕ

rtu
t + Γϕ

rϕu
ϕ)hrr + Γϕ

tru
rutur + Γϕ

ϕru
ruruϕ]− 1

3
(ur

,r +
2ur

r
)uruϕ,

σθθ = −1

3
(ur

,r +
2ur

r
)gθθ,

σϕϕ = (uϕ
,r + Γϕ

rtu
t + Γϕ

rϕu
ϕ)hrϕ + Γϕ

tru
ruruϕ + Γϕ

ϕru
rhϕϕ − 1

3
(ur

,r +
2ur

r
)hϕϕ. (17)

6 Sample radial model for radial component of four-
velocity

To see the behavior of the bulk tensor and shear tensor of the relativistic accretion disks
around the rotating black holes, we want to use a suitable model for the four-velocity. At
present, to the best of our knowledge, there is no suggested model for four-velocity.
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In the self-similar solution of non-relativistic accretion disks, vr = v0r
−n, n ≥ 0 are used

for the radial velocity ,where v0 and n are constant which are derived from the basic equation
of accretion disk and in the most paper, n = 1

2 are used. In the non-relativistic fluids, the
space time metric is flat and proper time is equal to time, so

ut =
dt

dτ
= 1, vr =

ur

ut
⇒ ur = v0r

−n. (18)

In the some previous papers of the relativistic accretion disks, we see that the radial com-
ponents of the four-velocity has the decreasing function of radius [5, 12]. Also, locally
non-rotating frame (LNRF) has the flat metric and in LNRF ut ≥ 1. Therefore, we believe
that the decreasing function of radius for the radial components of the four-velocity in LNRF
will be a suitable model. So, we assume a radial model for the radial components of the
four-velocity in the LNRF as

ur̂ = − β

rn
, (19)

β and n are positive and constant and minus sign is for the direction of ur̂ which is toward
of the black hole. With the transformations, we can calculate the radial component of the
four-velocity in the BLF; so, this component in BLF is given as

ur = eνµ̂δ
r
νu

µ̂, (20)

where eνµ̂ are the components of connecting between the BLF and the LNRF which are given
in the Appendix A. In the Appendix A, we see that er

t̂
= er

θ̂
= er

ϕ̂
= 0; so, the radial velocity

in the BLF will be as

ur = erµ̂u
µ̂ = err̂u

r̂ =

√
∆

Σ
ur̂ = −β

√
r2 − 2r + a2

rn+1
. (21)

The Keplerian angular momentum are given as

Ω±
k = ± 1

r
3

                                                   

2 ± a
, (22)

where (+) are used to the angular frequencies of the corotating Keplerian orbits and (−)
are used to the angular frequencies of the counterrotating Keplerian orbits [1]. If we assume
the corotating Keplerian angular momentum, we have

Ω =
uϕ

ut
= Ω+

k =
1

r
3

                                                   

2 + a
. (23)

Using the normalization condition for four-velocity, that is uµuµ = −1, we have

−1 = utut + urur + uϕuϕ

⇒ −1 = ut(gttu
t + gtϕu

ϕ) + grr(u
r)2 + uϕ(gϕϕu

ϕ + gtϕu
t)

⇒ −1 = gtt(u
t)2 + grr(u

r)2 + gϕϕ(Ω)
2(ut)2 + 2gtϕΩ(u

t)2. (24)

By using equations (21) and (23) and substituting them into equation (24), we obtain

ut =
r

3
                                                   

2 + a

rn

√
r2n+1 + rβ2

r4 + 2ar
5

                                                   

2 − 3r3
. (25)
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6.1 Checking velocity with time dilation

The time dilation is a relativistic influence which shows the coordinate time (t) is larger
than the proper time (τ). The time dilation is derived by putting ur = uθ = uϕ = 0. This
parameter is minimum value of ut, so in each assumed model ut must be checked, that is,
ut ≥ ut0, where from Moeen[8] we have

ut0 = ut
min =

√
|1/gtt|. (26)

Therefore,

r
3

                                                                    

2 + a

rn

√
r2n+1 + rβ2

r4 + 2ar
5

                                                                    

2 − 3r3
≥

√
r

r − 2
⇒ (r

3
                                                                    

2 + a)2(r2n+1 + rβ2)

r2n(r4 + 2ar
5

                                                                    

2 − 3r3)
≥ r

r − 2

⇒ r2n+4 − 4ar
3
2 r2n+1 + r5β2 − 2r4β2 + 2ar

3
2 r2β2 − 4ar

5
2β2 + r2a2β2 − 2ra2β2

+a2r2n+2 − 2a2r2n+1 ≥ 0. (27)

The ergosphere is a region where everything are dragged into the black hole or forced to
rotate with black hole; so, the accretion disks are studied outside the ergosphere. In the
equatorial plan in the BLF, the ergosphere lies at r = 2 [5]; so, we exam the relation (23)
in r ≥ 2.

In this relation, all terms are positive except the last three terms which are negative.
But in r ≥ 2, the expressions r2n+4 ≥ 4ar

3
                                                                    

2 r2n+1, r5β2 ≥ 2r4β2, 2ar
3

                                                                    

2 r2β2 ≥ 4ar
5

                                                                    

2 β2,
r2a2β2 ≥ 2ra2β2 and a2r2n+2 ≥ 2a2r2n+1 are being true; therefore, outside the ergosphere
the expression ut ≥ ut0 is confirmed; so, the four-velocity in the BLF can be written as
follows

uµ = (
r

3
                                                                    

2 + a

rn

√
r2n+1 + rβ2

r4 + 2ar
5

                                                                    

2 − 3r3
,−β

√
r2 − 2r + a2

rn+1
, 0,

1

rn

√
r2n+1 + rβ2

r4 + 2ar
5

                                                                    

2 − 3r3
). (28)

7 Shear and bulk tensors

In this section, the radial model is used to calculate the components of four velocity in the
BLF. Then, the components of the shear and the bulk tensors for some sample values of
parameter n are derived.

I ) Solutions for n = 1
2 :

The four-velocity and the expansion of the fluid world line for n = 1
2 are derived with

equations (28) and (8) as

uµ = (

√
r2 + rβ2(r

3
                                                                    

2 + a)
√
r
√
r4 + 2ar

5
                                                                    

2 − 3r3
,−β

√
r2 − 2r + a2

r
3

                                                                    

2

, 0,

√
r2 + rβ2

√
r
√
r4 + 2ar

5
                                                                    

2 − 3r3
),

Θ = −β(−4r + 3r2 + a2)

2r
5

                                                                    

2

√
r2 − 2r + a2

. (29)

Also, the components of the shear and the bulk tensors versus dimensionless parameter
r/m are shown in figure 2.

II ) Solutions for n = 1 :
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For n = 1, the four-velocity and the expansion of the fluid world line are derived as

uµ = (

√
r3 + rβ2(r

3
                                                   

2 + a)

r
√
r4 + 2ar

5
                                                   

2 − 3r3
,−β

√
r2 − 2r + a2

r2
, 0,

√
r3 + rβ2

r
√
r4 + 2ar

5
                                                   

2 − 3r3
),

Θ = − β(r − 1)

r2
√
r2 − 2r + a2

. (30)

In the figure 3, the components of the shear and the bulk tensors versus dimensionless
parameter r/m are shown.

III ) Solutions for n = 2 :

The four-velocity and the expansion of the fluid world line for n = 2 are obtained as
follows

uµ = (

√
r5 + rβ2(r

3
                                                   

2 + a)

r2
√
r4 + 2ar

5
                                                   

2 − 3r3
,−β

√
r2 − 2r + a2

r3
, 0,

√
r5 + rβ2

r2
√

r4 + 2ar
5

                                                   

2 − 3r3
),

Θ =
β(−r + a2)

r4
√
r2 − 2r + a2

. (31)

Figure 4 shows the components of shear and bulk tensors versus dimensionless parameter
r/m for n = 2 .

IV ) Solutions for n = 3

In this state, the four-velocity and the expansion of the fluid world line are calculated as

uµ = (

√
r7 + rβ2(r

3
                                                   

2 + a)

r3
√

r4 + 2ar
5

                                                   

2 − 3r3
,−β

√
r2 − 2r + a2

r4
, 0,

√
r7 + rβ2

r3
√
r4 + 2ar

5
                                                   

2 − 3r3
),

Θ =
β(−3r + r2 + 2a2)

r5
√
r2 − 2r + a2

. (32)

All the components of the shear and bulk tensors versus dimensionless parameter r/m are
seen in figure 5.

Figure 1 shows the expansion of fluid world line (Θ) for n = 1
2 , 1, 2, 3 and for a =

0.9, 0.5, 0.1, 0. It is shown that increasing the value of the parameter n and decreasing the
value of the parameter a, decreases the expansion of fluid word line.

For n = 1
2 and a = 0.9, 0.5, 0.1, 0, except rϕ component, the amounts of the other

components of the bulk tensor are greater than or about the amounts of components of the
shear tensor. By increasing n, the bulk tensor and also the shear tensor are been smaller.
So, we see that for n = 1 and for a = 0.9, 0.5, 0.1, 0 the amount of tt, tϕ, ϕϕ, θθ components
of the bulk tensor are greater or about of the shear tensor. Also, for the bigger n(n = 2, 3)
and for a = 0.9, 0.5, 0.1, 0 the amounts of components of the shear tensor and bulk tensor
are near zero and the shear tensor is greater than the bulk tensor in the most components.

8 Summary and conclusions

In this paper, we try to calculate the relativistic shear and bulk tensor. The relations of
all the components of the relativistic bulk tensor and the shear tensor in the Kerr metric
without any approximation are derived. The relativistic bulk tensor, bµν is created by radial
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Figure 1: The expansion of fluid world line tensor versus dimensionless parameter r/m for
β = 1 and n = 1

2 , 1, 2 and 3. The black, red, green and blue curves are corresponding to the
cases with a = .9, a = .5, a = .1 and a = 0 respectively.
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Figure 2: The non-zero components of the shear(Solid curves) and the bulk(dotted curves)
tensors versus dimensionless parameter r/m with β = 1 and n = 1

2 .The black, red, green and
blue curves are corresponding to the cases with a = .9, a = .5, a = .1 and a = 0 respectively.
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Figure 3: The non-zero components of the shear(Solid curves) and the bulk(dotted curves)
tensors versus dimensionless parameter r/m with β = 1 and n = 1. The black, red, green
and blue curves are corresponding to the cases with a = .9, a = .5, a = .1 and a = 0
respectively.
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Figure 4: The non-zero components of the shear(Solid curves) and the bulk(dotted curves)
tensors versus dimensionless parameter r/m with β = 1 and n = 2. The black, red, green
and blue curves are corresponding to the cases with a = .9, a = .5, a = .1 and a = 0
respectively.
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Figure 5: The non-zero components of the shear(Solid curves) and the bulk(dotted curves)
tensors versus dimensionless parameter r/m with β = 1 and n = 3. The black, red, green
and blue curves are corresponding to the cases with a = .9, a = .5, a = .1 and a = 0
respectively.
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variation of the radial velocity and components of uµ and uν . But the relativistic shear
tensor, σµν is created by radial variation of uµ, uν , ur and all the components of the four-
velocity. Therefore, we expect in the most cases the relativistic shear tensor is larger than
the relativistic bulk tensor except in the big radial four-velocity.

In the equatorial plane, there are ten non-zero components for shear and bulk tensor.
Ten non-zero components of the relativistic bulk tensor and shear tensor are tt, tr, tϕ, rt,
rr, rϕ, θθ, ϕt, ϕr and ϕϕ components. We introduce the sample radial model for the radial
four-velocity in the LNRF and with transformation, we calculate the components of the
four-velocity in the BLF in four cases. With the relativistic calculation, all the non-zero
components of the bulk and shear tensor versus dimensionless parameter r/m are derived.
These components are shown in figures 2-5. In these figures, we find that in the smaller n
and bigger a, the bulk tensor may be comparable with the shear tensor. Because in those
cases, the value of the radial four-velocity and expansion of the fluid world line are bigger.

We use the radial model for the radial velocity. In this model comparison of figures shows
that the bulk tensor is important in bigger a(spin of black hole a = Jc/GM2), lower n and
in the inner radii, therefore if the radial four-velocity has the similar form of this model, the
bulk viscosity will be important. So, in all cases, the bulk tensor is not ignorable.

We know that the expansion of the fluid world line is equal to the divergence of velocity.
Also, in the fluid dynamics, the continuity equation (∂ρ∂t +∇ · (ρu) = 0), shows that in the
incompressible flow(with the constant density), ∇ · u = 0. So, the non-zero bulk tensor
i.e., Θ = ∇ · u ̸= 0, shows that the flow may be compressible because the bulk viscosity
due to volume movement of fluid. Figures show that the bulk tensor is more important in
the smaller n and inner radii. Therefore, in bigger n and outer radii we can suppose the
incompressible fluid.

References

[1] Abramowicz, M. A., Chen, X., Granath, M., Lasota, J.-P., 1996, ApJ, 471, 762

[2] Bardeen, J. M., 1970, ApJ, 162, 71

[3] Bardeen, J. M., Press, W. H., Teukolsky, S. A., 1972, ApJ, 178, 347

[4] Frolov, V. P., Novikov, I. D., 1998, Black Hole Physics: Basic Concepts and New
Developments, Kluwer Academic

[5] Gammie, C. F., Popham, R., 1998, ApJ, 498, 313

[6] D. Mihalas, BW. Mihalas, (Oxford, 1984), Foundations of Radiation Hydrodynamics,
Oxford University Press

[7] Misner C. W., Thorne K. S., Wheeler J. A., 1973, Gravitation. Freeman, San Francisco

[8] Moeen, M., 2016, Astrophysics and Space Science, 362(1), 1-8

[9] Moeen, M., Ghanbari, J., & Ghodsi, A., 2012, PASJ, 64, 137

[10] Narayan, R., Yi, I., 1995, ApJ, 444, 231

[11] Peitz, J., Appl, S., 1997a, MNRAS, 286, 681

[12] Takahashi, R., 2007, MNRAS, 382, 567.



220 Mahboobe Moeen Moghaddas

A Transformation Between Boyer-Lindquist frame and
locally non-rotating frame

We can transfer the physical quantities between BLF and the LNRF by using the connecting
tensors (eµ̂ν and eµν̂ ). The components of connecting tensors are given as [2]; [3]; [4]

et̂t er̂t eθ̂t eϕ̂t
et̂r er̂r eθ̂r eϕ̂r

et̂θ er̂θ eθ̂θ eϕ̂θ
et̂ϕ er̂ϕ eθ̂ϕ eϕ̂ϕ

 =


(Σ∆

A )
1
2 0 0 −2Mar sin θ

(ΣA)
1
2

0 (Σ∆ )
1
2 0 0

0 0 Σ
1
2 0

0 0 0 (AΣ )
1
2 sin θ

 , (33)


et
t̂

etr̂ et
θ̂

et
ϕ̂

er
t̂

err̂ er
θ̂

er
ϕ̂

eθ
t̂

eθr̂ eθ
θ̂

eθ
ϕ̂

eϕ
t̂

eϕr̂ eϕ
θ̂

eϕ
ϕ̂

 =


( A
Σ∆ )

1
2 0 0 2Mar

(ΣA∆)
1
2

0 (∆Σ )
1
2 0 0

0 0 1

Σ
1
2

0

0 0 0 (ΣA )
1
2

1
sin θ

 , (34)

where hat (̂) is used for the quantities in the LNRF.

B The Christoffel symbols in the BLF

After some calculation the Christoffel symbols (Γα
βγ) in the equatorial plane and in our

scaling of the BLF are

Γt
tt = 0, Γt

tϕ = Γt
ϕt = 0, Γt

rr = 0, Γt
rθ = Γt

θr = 0, Γt
θθ = 0, Γt

ϕϕ = 0

Γr
tr = Γr

rt = 0, Γr
tθ = Γr

θt = 0, Γr
rϕ = Γr

ϕr = 0, Γr
θϕ = Γr

ϕθ = 0, Γθ
tr = Γθ

rt = 0,

Γθ
tθ = Γθ

θt = 0, Γθ
rϕ = Γθ

ϕr = 0, Γθ
θϕ = Γθ

ϕθ = 0, Γϕ
tt = 0, Γϕ

rr = 0,

Γϕ
rθ = Γϕ

θr = 0, Γϕ
θθ = 0, Γϕ

tϕ = Γϕ
ϕt = 0, Γϕ

ϕϕ = 0,

Γt
rt = Γt

tr =
(−Σ+ rΣ,r)A− 2a2r + 2a2rcos2θ

Σ3∆
Γt
rϕ = Γt

ϕr = − a(a2 + 3r2)

r2(a2 + r2 − 2r)
,

Γt
tθ = Γt

θt =
r(AΣ,r + 4a2rsinθcosθΣ− 2a2rΣ,θ + 2a2rΣ,θcos

2θ)

Σ3∆
Γr
tt =

a2 + r2 − 2r

r4
,

Γt
θϕ = Γt

ϕθ = −arsin2θA,θ

Σ2∆
, Γr

tϕ = Γr
ϕt =

∆asin2θ(Σ− rΣ,r)

Σ3
, Γr

rr = −−Σ,r∆+Σ∆,r

2∆Σ

Γr
rθ = Γr

θr =
Σ,θ

2Σ
, Γr

θθ = −∆Σ,r

2Σ
, Γr

θθ = −∆sin2θ(A,rΣ−AΣ,r)

2Σ3
, Γθ

tt =
rΣ,θ

Σ3
,

Γθ
tϕ = Γθ

ϕt =
arsinθ(2cosθΣ− sinθΣ,θ)

Σ3
, Γθ

rr = − Σ,θ

2Σ∆
, Γθ

rθ = Γθ
θr =

Σ,r

2Σ
,

Γθ
θθ =

Σ,θ

2Σ
, Γθ

ϕϕ = −sinθ(A,θsinθΣ+ 2AcosθΣ−AsinθΣ,θ)

2Σ3
,

Γϕ
tr = Γϕ

rt =
a(−Σ+ rΣ,r)

Σ2∆
, Γϕ

tθ = Γϕ
θt = −ar(2cosθΣ− sinθΣ,θ)− 4rcosθ)

Σ2∆sinθ
,

Γϕ
rϕ = Γϕ

ϕr =
1

2Σ3∆
(4a2rΣ− 4a2rΣcos2θ − 4a2r2Σ,r + 4a2r2Σ,rcos

2θ +A,rΣ
2 − ΣAΣ,r

−2rA,rΣ+ 2rAΣ,r), Γϕ
θϕ = Γϕ

ϕθ = − 1

2∆sinθΣ3
(−8a2r2cosθΣ+ 8a2r2cos3θΣ
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+4a2r2sinθΣ,θ − 4a2r2sinθΣ,θcos
2θ −A,θsinθΣ

2 − 2AcosθΣ2 +ΣAsinθΣ,θ + 2rA,θsinθΣ

+4rAcosθΣ− 2rAsinθΣ,θ). (35)


